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Page  2. 

In  the  book  is  generalized  the  aatecial  on  the  developaent  of 
the  aethod  of  the  initial  functions  and  is  presented  the  for  the 
first  tine  developed  by  the  author  general  theory  of  the  operators  in 
connection  with  the  aethods  of  the  initial  functions*  that  aakes  it 
possible  to  obtain  the  f undaaentally  nea  for  this  aethod  foras  of  the 
general  solutions  of  soae  procedurally  iaportant  classes  of  the  tasks 
of  the  applied  theory  of  elasticity  and  strength  of  naterials.  The 
developed  theory  of  the  operators  is  illustrated  by  the  rough 
estiaates*  in  which  effectively  realize  theaselves  proposed  the 
operators. 


1 


i 


The  book  is  intended  to  scientific-technical  workers*  and  also 
to  the  instructors*  the  graduate  students  and  the  students  of  the  old 
courses*  which  specialize  in  elasticity  theory. 

Chief  editor*  aeabcr  of  AS  OkSSB  Pisarenko  G.  S. 

Page  3. 
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Pi’eface 

During  the  solution  of  aany  iapoctant  pcobleas  of  lechanics  in 
accordance  with  the  conteaporary  deaanda  of  science  the  technicians 
are  extreaely  effectixe  the  approxiaation  aethods,  which  provide  for 
the  use  of  coaputers.  The  effectiveness  of  the  practical  use  of  those 
cr  other  aethods  in  aany  respects  depends  on  the  aethod  of  obtaining 
cf  solutions,  siaplicity  of  the  required  in  this  case 
lining/calculations,  etc. 

6ne  of  the  proaising  approxiaation  aethods  of  the  solution  to 
the  boundary-value  probleas  of  elasticity  theory  is  the  aethod  of  the 
initial  functions,  which  finds  recently  increasing  application/use. 

However,  the  aatheaatical  foraalisa  of  this  aethod  is  until  recently 
developed  extreaely  weakly. 


In  the  aonograph,  which  is  the  dissertation  work  of  preaaturely 
passing  away  Victor  Andreevich  AGABETA,  is  based  wide  use  in  the 
aethod  of  the  initial  functions  of  syabclic  operations,  and  also  is 
set  forth  the  for  the  first  tiae  developed  by  the  author  general 
theory  of  the  operators  (in  connection  with  the  aethods  of  the 
initial  functions)  , which  aakes  it  possible  to  obtain  the 
fundaaentally  new  for  this  aethod  foras  of  the  general  solutions  of 
soae  classes  of  the  probleas  of  the  applied  thccry  of  elasticity  and 
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strength  of  naterials*  shich  have  large  practical 
application/append ix  in  engineering. 

In  the  proposed  theory  of  the  operators  the  author  substantiated 
the  algebraic,  differential  and  integral  actions  above  the  regular, 
singular  and  nixed  operators,  is  deaonstratsd  the  equivalency  of  the 
representation  of  the  operators  in  the  closed  forn  and  in  the  forn  of 
series  is  deaonstrated  the  legitinacy  of  the  action  above  operational 
series,  are  establish/installed  the  specific  rules  for  the  actions 
«ith  the  operators,  connected  uith  the  noninterchangeability  of  the 
nixed  operators  and  so  forth,  and  also  are  proposed  the  nethods  of 
the  realization  of  the  operators  and  sc  forth,  and  also  are  proposed 
the  nethods  of  the  realization  of  the  operators. 

The  developed  theory  of  the  operators  alloved  the  author  to 
obtain  sone  nev  identities  for  Bessel  functions,  to  obtain  the  new 
aethods  of  the  deternination  of  the  particular  solutions  to 
nonhonogeneous  differential  equations  in  partial  derivatives,  to 
reveal/detect  the  equivalency  of  operational  equations  and  functional 
equations  of  the  type  integrodif ferent ial,  differential-difference 
and  so  forth. 

Cage  4. 
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The  author  synthesized  the  overall  diagraa  of  the 
application/use  of  a aethod  of  the  initial  functions  to  the  solution 
to  tvo-diaensional  boundary^value  probleas  vith  the  wide  use  of  the 
operators.  In  this  case  were  constructed  general  solutions  for  the 
series  of  problews  of  aechanics,  including  of  two-diaensional 
problea,  bending  of  plates,  etc. 

The  set-forth  general  theory  of  the  operators  is  illustrated  by 
practical  ezaaples  with  finishing/bringing  soae  of  thea  to  nuaber. 

V.  A.  Agareva*s  present  aonograph  is  the  original  investigations 
cf  the  author  in  the  field  of  applied  aatheaatics  the  aechanics,  who 
have  large  theoretical  and  practical  value. 

It  is  possible  not  to  doubt  that  the  published  work,  created 
gifted  scientist,  which  was  V.  A.  Agarev,  it  will  be  iaportant  stage 

in  the  developaent  not  only  of  the  applied  theory  of  elasticity  and 
strength  of  aaterials,  but  also  the  aechanics  in  the  broad  sense  of 
this  word. 

Eage  5. 


EcoB  the  author 
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Along  «ith  the  incceasing  interest  in  setting  and  solution  of 
nonlinear  problens  is  given  at  present  still  considerable  attention 
to  the  problens  of  linear  problens.  In  accordance  Kith  the 
conteaporary  denands  of  science  technicians  in  this  range  it  is 
possible  to  indicate  the  following,  in  our  opinion,  nain  directions. 

1.  The  fornulation  of  the  f undanentally  new  problens,  which  lead 
to  such  equations  and  the  boundary  conditions,  which  were  not 
cxanined  in  classical  nathenatical  physics. 

2.  Obtaining  the  so-called  exact  solutions  for  those  problens, 
which  have  Icng  be^n  placed,  but  solution  by  their  known  at  present 
■ethods  is  extrenely  difficult  (due  to  the  fundanental  conplexity  of 
boundary  conditions). 

3.  Developnent  of  the  approxinate  (nainly  cunerical)  nethods  and 
their  adjustnent  to  the  wide  use  of  contenpcrary  conputer  technology. 

4.  Obtaining  new  forns  for  the  known  precise  or  approxinate 
solutions.  This  is  connected  either  with  siipler  - according  to  idea 
or  with  lining/calculations  - by  the  nethod  of  obtaining  solution  or 
with  the  neasure  of  the  effectiveness  of  scluticn  (in  the  sense  of 
obtaining  the  nunerical  result,  what,  in  the  final  analysis, 
frequently  is  basic  for  a practice). 
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The  lethod  of  the  initial  functions  (in  that  fora,  hoe  it  is  now 
developed)  it  can  be  referred  to  the  last/latter  two  directions. 

In  proposed  work  carried  out  the  generalization  of  the  available 
in  known  to  us  literature  aaterial  on  the  application/use  of  a aethod 
of  the  initial  functions;  is  undertaken  the  atteapt  (apparently,  for 
the  first  tiae)  to  base  the  widely  utilized  in  this  aethod  syabolic 
operations,  what,  in  the  opinion  of  the  author,  was  the  basic  goal  of 
his  work;  were  given  the  f undaaentally  new  for  this  aethod  foras  of 
the  general  solutions  of  soae  classes  of  the  probleas  of  the  applied 
theory  of  elasticity  and  strength  of  aaterials,  and,  finally,  the 
quality  of  illustration  solved  several  concrete/specif ic/actua 1 
engineer  aissions. 

The  significant  part  of  the  obtained  in  work  results  is 
illuainated  in  articles  [1-3,  10,  41  and  42].  Furtheraore,  the  large 
part  of  the  aaterial  of  3-4  chapters  was  reported  by  the  author  on 
seainar  on  aechanics  with  OTN  \_(PTH  - Oepartaent  of  Technical 
Sciences]  of  AS  UkSSR  on  14  February  1959;  a content  1 and  2 chapters 
- on  the  sane  seainar  on  9 Rarch  1962. 

In  conclusion  I consider  ay  pleasant  duty  to  express  sincere 
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0 \ appreciation  and  gratitude  to  ay  leader  to  the  professor  G.  S. 

Pisarenko  and  to  ay  associates  N.  A.  Henzel,  A.  L.  Kvitke,  E.  S. 
Oaanskiy  and  N.  t).  Cherny  for  valuable  councils  and  the  diverse  aid, 
render/shovn  to  ae  during  the  execution  of  this  work. 

Page  6. 

Introduction. 

§1.  General  characteristic  cf  aethod. 

I 

1 

Apropos  of  the  coaaon/general/total  idea  of  the  aethod  of  the 
initial  functions  it  is  possible  to  express  different  points  of  view. 
Specifically,  it  can  be  considered  as  generalization  widely  utilized 
in  the  strength  of  aaterials  of  the  aethod  of  the  initial  paraaeters. 
The  latter  is  based  on  the  application/use  of  the  universal  equation 
cf  the  elastic  line  of  beaa,  which  we  will  write  in  the  fora 

«r  (X)  - + I,Af,  + l4<?.  + <*>  (xf.  (0. 1) 

Here  through  <I>(x)  are  designated  the  terns,  which  consider  type  of 
load  on  beaa,  and 

. , X*  *• 

Lt  - \.  Lt- X,  L,- , i.«  - -g£7-- 


(0.2) 
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Functions  LJ  (j  = 2,  3,  4)  they  can  be  naaed  the  operators,  since 

as  a result  of  their  application/use  to  the  initial  paraaeters  Mq, 

00#  He#  Qo  (siaple  aultiplication  by  these  paraaeters)  is  obtained 
the  value  of  sagging/def lection  in  any  section  of  bean. 

Expression  (0.1)  it  is  the  special  fora  of  the  notation  of  the 
general  solution  of  the  differential  eguaticn  of  the  elastic  line 

‘ (0-3) 

in  Hhich  ace  isolated  the  initial  paraaeters. 

If  all  paraaeters  are  known,  then  fornula  (0.1)  gives  the  ready 
solution  of  problen.  But  if,  as  this  usually  is,  is  known  the  only 
pact  of  the  initial  paraaeters,  then,  satisfying  conditions  for  those 
sections,  where  the  displaceaent/aoveaents  are  known,  are  obtained 
the  algebraic  equations,  froa  which  arc  located  the  unknown  initial 
paraaeters. 

Cage  7. 

Let  us  find  now  function  w (x,  y)  , satisfying  on  rectangle  0 4;  x 
4 1*0  < y ^ X to  certain  differential  equation,  for  exaaple 


and  to  the  specified  boundary  conditions  of  this  rectangle.  Siailarly 
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(0.1)  let  us  present  the  general  solution  of  probles  in  the  fora 
•(«.  m-  (05) 

Ihe  functions 


arc  called  the  initial  functions  and  play  the  sane  role,  as  the 
initial  paraaeters  in  (0.1). 


The  operators  lj(j  * 1,  2,  3,  4)  they  aill  talte  the  fora 
t,-y(cl.^c<.^  + S*l'sn^^  + Cchj^»nt  + 

+ Dsh^co.^.  ,0.7) 

Mhere  fi  it  indicates  the  syabol  of  the  differentiation 

(0.8> 

Onlihe  (0.2)  these  values  L,  are  not  usual  functions,  but  they  are 
transcendental  linear  differential  operators.  They  coapletely  are 
deterained  by  equation  (0.4)  and  by  the  taken  fern  of  general 
solution  (0.5). 


As  concerns  expression  L^f  (x,y),  that  this  be  a particular 
solution  to  equation  (0.4),  that  tarns  vith  x « 0 into  zero  together 
Mith  its  first-order  three  derivatives  in  terns  of  x. 


If  all  the  initial  functions  are  known  (Caochy  problea)  , then 
fornula  (0.5)  gives  the  ready  solution  of  problea,  expressed  in 


J 

I 
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syabolic  £ocb.  In  order  to  pass  to  the  usual  fora  of  solution,  it  is 
necessary  to  know  how  to  use  operators  Lf  to  the  initial  functions. 
For  this  purpose  it  is  possible  to  use  the  tables  of  the  values  of 
the  operators,  whoa  it  arrange/locates  operatiopal  calculus. 

But  if  is  known  the  only  part  of  the  initial  functions 
Iboundary- value  problea) , then,  by  satisfying  boundary  conditions  at 
edge  x » it  is  possible  to  obtain  the  systea  of  transcendental 
differential  eguations  for  unknown  initial  functions.  By  integrating 
it  taking  into  account  boundary  conditions  on  edges  y » 0 and  y = y* 
let  os  find  these  functions  and  then  on  (0.5)  we  will  obtain  the 
foluticn  of  problea. 

Page  8. 


A quantity  of  terns  in  expression  (0.5)  depends  on  the  order  of 
equation  (0.4),  the  fors  of  the  notation  of  the  expression  itself 
does  not  depend  on  the  initial  differential  equation  or  the 
conditions  of  problea.  Therefore  it  is  represented  possible  to  call 
expressions  of  type  (0.5)  the  canonical  equations  of  the  nethod  of 
the  initial  functions. 

let  us  note  still  that  instead  of  function  w and  its  derivatives 
as  the  initial  functions  can  be  undertaked  such  linear  coabinatioas 
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cf  th«se  values*  which  ace  justified  by  the  physical  content  of 
(ccblea. 

The  described  diagcaa  of  the  application/use  of  a set  hod  of  the 
initial  functions  (in  acre  detail  about  this  will  go  speech  in 
chapter  3)  shows  that  this  sethod  and  the  wethcd  of  the  initial 
^araaetecs  are  coapletely  analogous  in  project*  but  essentially  they 
differ  in  the  utilized  by  thea  apparatuses  and  the  voluaes  of 
cosputational  work.  This  is  coapletely  logical*  since  the  aethod  of 
the  initial  paraaeters  deals  with  one^diaensional*  and  the  aethod  of 
the  initial  functions  with  two-diaensional  prokleas. 

As  the  basis  of  the  aethod  of  the  initial  functions  is  placed 
the  tendency: 

a)  to  unify  the  process  of  the  solution  to  any  linear  partial 
differential  equation  under  the  arbitrary  right  side  of  the  equation 
and  boundary  or  initial  conditions  (for  this  serves  the  introduction 
cf  canonical  kononicheskikh  equations  of  the  aethod  of  the  initial 
functions  and  the  wide  use  of  synbolic  operations  both  for  obtaining 
general  solution  and  for  the  solution  to  specific  probleas); 

b)  to  facilitate  the  solution  of  pcoblens  in  that  sense  in  order 
that  the  known  part  of  work  could  be  sade  previously  and  represented 
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in  the  fora  of  the  tables  of  soae  values  and  eifressions  (for  this 
ace  located  the  "general  solutions"  of  defined  classes  of  the  tasks 
cf  nathenatical  physics,  are  conprised  table  for  the  realization  of 
operators  and  table  of  the  coots  of  transcendental  characteristic 
equations  for  the  detecnined  ferns  of  kcundary-value  probleas) ; 

c)  to  obtain  the  general  solution  of  prohlea  in  this  fora,  which 
at  least  to  a certain  extent  facilitated  the  analysis  of  solution 

icon  the  viewpoint  of  the  effect  of  boundary  conditions  and  the  right 
side  of  the  differential  equation. 

The  effectiveness  of  the  nethod  of  the  initial  functions  is 
detecnined  to  a considerable  extent  by  the  presence  of  the  tables  of 
"general  solutions",  the  roots  of  characteristic  equations  and  so  on. 
Therefore  nost  advisable  is  represented  the  application/use  of  a 
aethod  in  such  questions,  where  it  is  necessary  to  solve  a large 
quantity  of  probleas,  unifora  in  its  content  and  differing  only  in 
tecas  of  the  boundary  conditions,  the  size/diaensions  of  the  range  of 
change  in  the  independent  variables  or  in  terns  of  the  fora  of  the 
function,  which  stands  in  the  right  side  of  the  differential 
equation,  and  where,  therefore,  there  is  sense  and  possibility  to 
conduct  the  aentioned  tabulation. 


Page  9 
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Such  questions  include*  foe  exanple*  the  cuzvatuce*  the 
oscillation/vibrat ions  and  the  stability  of  plates*  twisting 

! 

pcisaatic  cods*  two-diaensional  and  axisyaaetcic  pcoblea  of 
elasticity  theory*  two-diaensional  stationary  pcoblea  of  theraal 
conductivity*  plane  and  axisyaaetcic  thcraoelastic  pcobleas*  plane 
and  axisyaaetcic  stationary  thecaoelastic  pcobleas*  plane  and 
axisyaaetcic  the  stationary  pcobleas  of  electrical  and  aagnetic 
fields*  two-diaensional  and  axisyaaetcic  pcoblea  of  the  hy dcod ynaaics 
cf  ideal  fluid,  etc. 

As  concerns  the  fora  of  differential  eguation  and  range  of 
change  in  the  independent  variables*  it  is  logical*  siaplec  anything 
arc  solved  pcobleas  for  equations  with  constant  coefficients  relative 
to  the  functions*  deterained  in  rectangular  range;  bulkier  is 
obtained  solution  for  the  equations*  written  in  curvilinear 
coordinates  (with  the  being  divided  variables)*  relative  to  the 
functions*  deterained  in  the  range*  liaited  by  coordinate  lines,  is 
possible  the  application/use  of  a aethod  to  equations  and  ranges  of 
aore  general  view  (for  exaaple*  equation  with  pclynoaial 
coefficients*  the  trapezoidal  doaain  of  function)*  but  these 
questions  are  still  developed  very  little'. 

I 

f 
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Finally*  the  aethod  of  the  initial  fanctions*  apparently*  can  be 
used  to  soae  theoretical  studies  of  bo and a ry* value  problens*  for 
ezanple  to  the  questions  of  existence  and  uniqueness  of  the  solution 
c£  boundary- value  problen*  correctness  of  the  setting  of  problen* 
estination  of  a variation  in  the  functicn  in  range  with  the  assigned 
variation  in  the  boundary  conditions*  etc. 

However*  this  problen*  strictly  speaking*  even  are  not  placed. 

§2.  Survey/coverage  of  works*  connected  with  the  developaent  of  the 
aethod  of  the  initial  functions. 

The  aethod  of  the  initial  functions  has  conparatively  short 
history  and  is  connected  aainly  with  works  of  A.  I.  Lur*ye  and  V.  Z. 
Vlasova. 

Into  1936  in  the  article  [26]  of  A.  I.  Lur'ye  it  obtains  the 
fornulas*  which  express  displaceaent/aoveacnts  and  the 
voltage/stresses  at  any  point  of  the  plate  through 

displacenont/aoveaents  Uq*  Vq*  «o  points  of  nediun  plane  and  derived 
a*a*  v*a»  *'o  of  these  displacenent/noveaents  over 

alternatiag/variable  z (z  axis  is  perpendicular  to  nediua  plane)  To 


I 
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these  foreulas  it  is  possible  to  accivc.  searching  for  the  solution 
to  the  equations  of  Lane  the  theory  of  the  elasticity 

+ — 0,  Ap  + — 0,  Aw  + ■■  0 (0.9) 

in  the  forn  of  series  according  to  degrees  of  z: 

If) 

y)  (O.lO) 

Page  10. 

Further  A.  1.  Lur'ye  notes:  "it  is  possible*  however*  and  not  to 
sake  the  substitution  of  series  (0.10  indicated)  to  equations  (0.9)* 
but  to  arrive  at  final  results  inaediately*  after  using  the  following 
lethod  of  calculation.  Let  us  introduce  the  designations 

A-(r.4-^+4  %ii) 

with  which  equation  (0.9)  they  take  the  fora 

s'  + (A  + vd*)  u + vd,dji»  + vdiW*  ■■  0. 
vd,d,u  + b*  + (A  + vd|)  0 + vd,w  i-  0.  (0. 1 

vdH*'  + + (1  + v)w*  + Aw  - 0.  ■ 

By  considering  dj*  and  A as  constant  nuabers*  let  os 
integrate  this  systes  of  three  linear  differential  second  order 
equations  under  the  initial  conditions:  with  z « 0 

s^a,.  w^-w*. 

(o.ia) 

a'  a o' " oi.  w — w^. 
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As  a result  it  is  obtained 


/A  ^ 2 y-E,  -Wy-dT'*' 

I sin  2 Ka 

\ a>/a  ■" 

Awo  j (0. 1 


. ^^0  ,„A,  sinrl/^A  , 

d fdu; 

dr\-sr 


kA 

ecos2]/A  \ d 


A j 


V 

, ^0 


and  so  forth. 

"It  is  obvious  that,  after  replacisq  coszKA.  — vlf ^ and  so  forth 

Ka 

with  their  expansions  in  series  according  to  degrees  xKa  and 
returning  to  value  A,  which,  until  now,  it  was  considered  as  nunber, 
its  value  of  the  twc-diwensional  operator  of  Laplace,  we  will  arrive 
at  unknown  series  (0.10).  At  the  sane  tine  we  can  thus  far  this  not 
sake,  but  operate  directly  with  fornulas  (0.14)  and  return  to  power 
series  already  as  a result  of  calculaticns". 

Then  the  author  applies  the  obtained  expressions  for 
displacenent/novenents  and  voltage/stresses  to  the  analysis  of  the 
stressed  state  of  plate  with  a thickness  of  h.  Expanding 
transcendental  terns  in  series  according  to  degrees  of  h and  being 
linited  to  the  lowest  degrees  of  h,  it  it  cones  to  the  following 
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equation  of  the  fleiure  of  the  plate: 

Page  11. 

This  equation  is  proposed  to  solve  according  to  the  nethod  successive 
approxination*  representing  Ug  in  the  forn  of  a series  according  to 
degrees  of  h. 

Me  so  dvelt  at  A.  I.  Lur*ye*s  this  work  because  in  it  were  for 
the  first  tise  proposed  two  of  the  basic  features  of  the  nethod  of 
the  initial  functions: 

1)  the  unknown  functions  were  represented  in  the  fora  of  the 
linear  coabination  cf  the  values  of  soae  operators  (depending  only  on 
the  forn  of  differectial  equations)  above  functionsr  assigned  on 
plane  z ^ 0; 

2)  for  obtaining  general  solution  widely  were  utilized 
transcendental  differential  operations. 

After  six  years*  being  occupied  by  the  thecry  of  thick 
plate/slabs*  A.  1.  Lor* ye  again  returns  to  this  question  in  the 
article  [27].  After  repeating  those  previously  cbtained  by  hln 

f 


1 

1 
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c«saltSc  the  author  it  transfer/converts  to  the  question  concerning 
the  deternination  of  sii  unknown  functions  u^,  Vo,  u'o,  v*or  w'o« 

Into  1941  M.  A.  Kil'chevskiys  in  its  fundanental  work  [23]  on 
the  theory  of  shells  it  proposed  to  utilize  surface  conditions  of 
equilibriuB  for  obtaining  the  equations,  deteriining  static  or 
gecnetric  values  on  nedian  surface. 


Following  the  idea  of  M.  A.  Kil'chevskiy, 
obtains  systen  of  the  fora 


A.  I.  Lor* ye  it 


/,  {X,  y), 
+ ^js^o  •"  ft  (X.  y). 
+^3»<  - ft  (X.  y). 


(0.J6) 


where  ft  - known  functions,  and  none  differential  operations  of 
infinitely  high  order.  For  the  solution  of  this  systen  is  introduced 
the  resolving  function  TU.F)*ith  the  aid  of  the  relationship/ratios 


«•- 


Alt 

Aft 


V ; 0,- 


Ait  All 

A0  A 


II 


^11 

Afi  An 


▼ (0.17) 


(if  fa  « ft  » 0).  Substitution  to  third  equation  (0.16)  reduces  to 
the  equation 

|i4aiy-/'(A)¥-/.(x.  p).  (0.18) 
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«hece  F - the  integral  function  of  operator  A, 


Further  the  author  exanines  the  scluticn  tc  equations  (0.18).  Re 
indicates  the  eethod  of  obtaining  the  particular  solution  to  equation 
(0.18),  if  fj  (x,  y)  there  is  a polynoaial  froa  x and  y or  f (A)  - 
polynoaial  froa  A.  The  deterainaticn  of  particular  solution  for  the 
general  case  is  not  given. 


Eage  12. 

General  solution  of  the  hoaogeneous  equations 

(p.l9) 


is  obtained  in  the  fora 


vhere  f*-  the  solution  to  the  equations 

(A  — 0. 


.“(Ml) 


a ~ the  roots  of  the  transcendental  equation 

f(A)-0  ' (0.22) 

(these  roots  there  will  be  an  infinite  aultitudc) . 


Then  the  author  exaaines  in  detail  unifors  solutions  for  cases 


fi  * fj  f^  * fj  * 0 and  f j » fj  0 acd 


gives  the  containing 


arbitrary  paraaeters  of  expression  for  displaceaent/aoveaents  and 
voltage/stresses  in  plate/slab  at  syaaetrical  and  skew-sya aetr ic 


1 
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(relative  to  aediua  plane) 
equation 


loads.  In  this  case  large  role  plays  the 


1 ± 


sin  jc 


(0.23) 


In  the  last/latter  paragraph  of  article  the  obtained  expressions  are 
applied  to  the  solution  of  the  problei  of  the  flexure  of  circular 
thick  plate/slab. 


Thus,  in  this  deep  in  the  content  article  cf  A.  I.  Lnr*ye 
eubstantia lly  developed  proposed  to  then  earlier  nethod,  after  using 
for  deteriining  functions  Uq,  Vq#  No#  *'^o*  partial 

differential  equations  of  infinitely  high  order  and  after  indicating 
the  nethod  of  obtaining  the  uniforn  solutions  of  these  equations,  and 
also  particular  solutions  for  soae  forns  of  operators  and  right  sides 
cf  the  equation. 

A.  I.  Lur*ye*s  vorks  in  this  direction  found  their  conpletion  in 
published  by  it  into  1955  fundanental  ncnogcaph  [28].  Systenat izing 
its  previously  obtained  results,  it  considerably  it  deepened  then  and 
sinultaneously  enlarged  the  possibilities  of  the  proposed  nethod. 
Rainly  this  concerns: 

1)  the  introduction  of  orthogonal  coordinates  in  plane  XT; 


2)  obtaining  the  particular  solutions  to  transcendental 
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differential  equation  for  the  cases,  when  right  side  (load)  is  a 
polyhareonic  function  or  the  eigenfunction  of  the 

oscillation/vibrations  of  the  diaphrage^aentranc,  when  the  function 
cf  load  is  represented  by  dual  trigoncaetric  series  or  Fourier 
integral  for  two  variables,  and  also  by  a series  ^r*ye  - Bessel  for 
a circular  range; 

3)  the  exaaination  of  the  theraal  stresses  in  layer; 

4)  the  solution  of  series  of  probleas  for  coapression  and 
flexure  of  thick  rectangular  or  circular  plate/slab  froa  static  or 
theraal  effects  (in  this  case  boundary  conditions  are  satisfied  in 
St.  Venant  sense).  The  aethcd,  close  to  this,  which  was  applied  in  A. 
1.  Lur*ye*s  early  works,  was  successfully  used  Ta.  F.  Malkin  (OSA) 
[29]  to  the  solution  of  the  three-diaensional  haraonic  problea  of  the 
stationary  teaperature  distribution  in  flat/plane  plate.  In  this  case 
la.  F.  Malkin  does  not  use  the  transcendental  fora  of  the  notation  of 
the  operators. 

Cage  13. 


Further  works  in  this  direction  belong  to  V.  Z.  Vlasov  and  his 


school 
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In  that  Mhich  was  published  in  1955  article  [11]  V.  Z.  Vlasov 
proceeds  froa  the  systea  of  equations  of  the  theory  of  the  elasticity 


(X.  y,  r.  «,  0.  W). 


Introducing  the  basic  functions 


U ^Gu,  V mm  Gv,  IT  — Gw, 
>'-V 


(0.25) 


it  it  searches  for  the  general  solution  of  equations  (0.24)  for  the 
layer*  liaited  by  planes  2 > 0 and  z > const*  in  the  fora  of 
Haclaurin  series  in  alternating/variable  z 


? “ + 4r  (■Sr'),+ • • • • 




Z-2,  + z 


As  a result  of  ezceptloa/eliaination  froa  equations  (0.24)  of 

t**  * T*« 

stresses  dB.Of  and  /?  is  obtained  the  basic  systea  of  equations 


i 

I 
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^--air  + X.  ^--piT  + K.  ^-_oX-PK. 


ST  — T=V  - (P'f^ + -rr7  “ 7^  “2- 

^ 4^  aP£/  - ^o«K  + P*K j - PZ. 

1— 2v 
2(J-v) 


(0.27) 


Mbere  ■arkedl/ 


^ « 

•■3F*  p-lir- 


(0.28) 


Page  14. 


\ ^ /•  \ A 

iitb  the  aid  of  (0.27)  it  is  possible  all  detivatives  ^ to 
eipress  by  differential  operations  a*  and  (T  above  the  initial 
functions  Oq,  V„  N„  1,,  To*  Zo<  Then  eolation  (0.26)  is  written  in 


the  fora 


U • *t*  Lury t t ■(*  "I*  f 

V « LnJJf  + LmV % + 0 + L^gK^  + LvfY • + 


(0.28) 


L - LJU0  + L„V0  + i.lP’,  + L,gX0  + U,Y0  + L„Z^ 
vhere  the  operators  are  represented  by  the  infinite  series 
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+ <”)— w(-fe7«‘ + !>■)  + ••• 


i 

z* 


240(1  —V) 


■=r^Y*ofi  + ... 


(0.30) 


and  so  forth,  in  «hich  through  7 is  designated  the  differential 
operator 

Page  15. 


Series  (0.30)  fornally  can  be  sunned^,  and  then: 


Lxm  “ in.  • COS  yt 


I 


arz 


2(1^  — ’•nv*. 
1 0^2 


. a(i-v)  Y 
LuwmLm,^  —5—^  -^Jd— 2v)sin Y*  + yzcos Yr| 


Lmjt  ""  L>¥m  ■■  ' 


1 az 


•nr=^ 

— ^ filnY»— YicoiYtj, 
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0 


I 


# ‘ I'  ■ ^ V t f . . 

“■"4ii--v)  *Y*-  (•‘ni«.inw««1|t). 

^r^rfr'^l-.v)  v[<‘-2v)sinY»+V*co.Y/j' 


■*  '-.‘l! 


5 


•iny*. 


1 '*  * '*  I 

1-  - [(1  “2v)8inY*  — V*C08Y*J. 

Tnir-v)  ~»inY>. 

1 6 r 

^ ^ r TolITo  7 p * “ Y*  — Y*  cos  Y^  j . 

^*m  ^ Ltmi^  ayz  sin  yz, 

^ - cos  Y^ — 2^jj^  ^ Sin  Y». 

“ 4 ( 1 — V)'  7 ~ sin  Y*  — Y*  cos  y?  j . 

1 aP  / . \ 

1 _ V ~Y  + Y^cosy^j. 

Y (sin  yz  — yzcos  yej  . 

7*‘"Y*---pzTY  Jsinvz  + Y^cosY^j. 
Y’**"^*“’Tir'7  (•‘"Y»  + V«cosY/j. 

- in.  - By?  sin  Y«. 

V (sin  y»  — Y»  COSY*!. 


U, 

Lm  “ if*  ■■ 


fh«  c^aaining  attmmmma  ara  datacaiaad  by  tba  foraalas 


9m  " + ^*1^*  + . • . + A^m 

9g"*  4*  + • • • + 

'4  C^*+  • • • + C*2*» 


(0.32> 


(0.331 
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The  operators  A,.  B„  C,  they  can  be  represented  either  in  the 
fore  of  the  series 


(2a»  + P*)a  + 


2v 


4,  = P - - I (I  + v)a*  + 

+ vp»jY*p...... 


(0.34) 


and  of  so  forth  or  in  the  ^closed  transcendent  syebolic  fore 
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A 2 JO*  . 

l^v  M. 

a*  + 2v(P  JO* 

- 7nr-vT7  *<"  Y*  - -y^  cos  Y*. 

“ T?"v  P Y^  - Y( sin  Y^.  = 


cos  Y^  — 


2(1 -v)Y 


a*  sin  Y?, 


, ea*  a /„ 

Y^  + (1  (2  - S’  - 

-3^-]sinY^.  >l.  = ,^^^v-^-jsinY^  + 
+ 2(r'^*vrY*"“Y^= 

fl.-  TZr^®‘'“Y^-  sinYZ. 

(\-  2^)  »<"  Y*  + 3(1^^  cos  Y*. 

- 1?T  Y2  - sin  Y*.  B,  - 

P / P*  \ ^BS 

“TTr^Tvl^ 2,sj»”'''  + 2(i:r;)-?'«'V'. 

„ 2va*  — p*  . jp* 

fl.  = _ - - s,n  Y^  - y£-  cos  Y^. 

cos  Y^  - P*  Sin  Y^; 

™ P cos  y2  — *ypn;*vy^  *'”  Y^'  C,  = ^ sin  yz  — 

-3(1  —v)  "y*'  Y?  - Y^  cos  Y^  j . 


r ?aP* 

C,  = o cos  Y^  - tT—^aT:  «"  Y«. 


CU 

^ _ sin 


- TT- ^ 

* «P* 


OL  I aP*  / \ 

- s«n  Y2  - -yj,  ~)  ~y*-  [*'"  Y'  - Y' cos  Y^ j . 

c,  - - I (I  ~ 2»)  sin  Y«  + Y*  cot  Y*J , 


^'““fTT^vT^  *‘"Y»- 
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Page  17. 

Further  author  it  uses  the  obtained  general  solution  of  the 
equations  of  elasticity  theory  on  the  calculation  of  the  plate/slabs 

of  a constant  thickness  by  2 h,  which  is  located  according  to  the 
actions  of  syaaetrical  and  skew-synaet  ric  (relative  to  aeliun  plane) 
loads,  and  also  it  indicates  the  possibility  in  principle  of  applying 
a aet hod  on  the  calculation  of  the  plate/slab-shells  of 
alter nating/variable  thickness.  In  this  case  for  finding  the  initial 
functions  it  it  uses  the  aethod,  actually  identical  with  the  fact 
which  it  was  used  in  work  [27]  and  which  it  is  expressed  by  equations 
(0.  16)  - (0.  10)  . 

Page  18. 

However,  although  V.  Z.  Vlasov  it  gives  the  transcendent  fora  of  the 
solution,  expressed  through  the  resolving  function  P (x,  y): 

for  the  syaaetric  loading 
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~ I sin  yAco8ya|  F. 

“ [ 271^ vj  ^ **"*  27?-^  **”  Y*  o»  YA  j /". 

[ 1 YA+  ®‘"  YA  cos  yA  j F, 

Y* 

"i  -T^  VA  |sin  yh  cos  yA  + yAI  4-  Z*  - 0; 


(0.36) 


for  a skew'syBBetcic  load  (bending  of  plate/slab) 


IT,-  j^  — cos*yA+  2(i^.^n^*'"YAcosYAj  F, 
■X,  « *•"  yA  cos  yAF , 

V#  — sin  yA  cos  yhF. 

~i  7 yA  (sin  yA  cos  yh  — yA)  F^Z^..O. 


(0  37) 


but  it  cecoaaends  for  the  practical  solution  to  use  to  the  triyicated 
suas  of  expressions  (0.30)  and  (0.34),  being  Halted  to  2-3  first 
teras.  so  that,  for  exaaple,  instead  of  (0.37)  it  will  be 
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X.= 


2A> 


h‘(3  — 2v) 
2(1  -V) 

V’ 

^ 3 

-l_v  vV-. 

/>’  . 

+ 

2h* 

•-t2nS 

1 af. 

1 - V ^ 

3(7- 

1 , 

2n* 

1 

fif. 

'l  - V 

3(1- 

> /,4 

-V)  2(1- 

V i” 

ro—yf^^ 

• ••  \y\/'‘^' -■=  z„. 


(0.38) 


In  the  work  in  question  V.  Z.  Vlasov  for  the  first  tine  1)  it 
fornulated  the  basic  ideas  of  the  nethod  of  the  initial  functions  it 
gave  naie  itself  this  nethod;  2}  for  the  precise  representation  of 
the  general  solution  of  the  equations  of  elasticity  theory  through 
the  initial  functions  and  the  acting  on  then  operators;  3)  it 
selected  as  the  initial  functions  of  the  values,  naking 
concrete/specific/actual  sense  in  the  theory  of  elasticity 
(displacenent/novaaent  and  voltage/stresses  on  plane  of  reference)  ; 

4)  it  indicated  the  possibility  of  renoval  fron  the  properties  of  the 
operators  of  sone  conclusions  of  general  nature;  so,  fron  the 
equality  of  the  operators 
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» I'Mu*  * Lg,  so  forth  (0.3!)) 


it  follows  theorea  from  the  reciprocity  of  works. 


Page  19. 


In  recently  left  book  [12]  of  V.  Z.  71asov  and  M.  B.  Leont*yeT 
along  with  the  account  of  the  material  of  article  [11]  giwen  certain 
improrement  of  method,  for  example,  instead  of  (0.36)  obtained  the 
simpler  solution 


^ 1^(1  — 2v)  A cos  yh 

§-[n  — Acos  y/ij 


9>. 


Z,  = Y (sin  yh  + yh  cos  yh)  <I>. 


(0.40) 


are  given  the  general  solutions  of  the  task  of  the  deformation  of 
elastic  support  under  the  load,  applied  to  his  surface,  and  contact 
task  in  the  calculation  of  plate/slab  on  elastic  support,  and  also 
the  basic  results  of  V.  Z.  Vlasov's  works  period  1958. 


i 

i 
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Thus,  A.  I.  Lur'ye  and  V.  Z.  Vlasov  they  proposed  and  they 
developed  the  method  of  the  initial  functions  a?  method  of  bringing 
the  three-dimensional  task  of  elasticity  theory  for  the  layer, 
limited  by  planes  z = 0 and  z s h,  to  certain  two-dimensional  task. 

As  the  basis  of  method  placed  the  isolation/liberation  in  the 
solution  of  the  initial  functions,  the  presence  of  these  functions 
from  the  equations,  obtained  as  a result  of  the  satisfaction  of 
boundary  conditions  on  the  planes,  which  they  limit  a layer,  and  the 
more  or  less  wide  use  of  symbolic  operations.  In  this  case  in  the 
authors  of  method  the  basic  operator  he  is  the  given  in  different 
designations  two-dimensional  operator  of  Laplace 

(0<i> 

'Unfortunately,  A.  I.  Lur*ye*s  completely  valid  observation  [27, 
page  151  ] about  the  fact  that  "the  set-forth  method  of  the 

compilation  of  the  particular  solutions  to  the  equations  of  the 
equilibrium  of  elasticity  theory  it  can  be  used  to  the  large  number 

of  boundar y- value  problems  of  mathematical  physics  in  the  case  of  the 
bodies,  limited  by  two  parallel  planes",  it  not  found  its  realization 
In  the  operations  of  the  authors  of  method. 

Page  20. 

Let  us  stress  once  again  the  differences  in  the  author’s  approach 
to  the  method  of  initial  functions: 
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1.  A.  I.  Luc*  ye  it  uses  natural  fcoa  natheiatical  point  of  viev 
initial  functions  (function  and  their  ncrnal  derivatives)#  but  V.  Z. 
Vlascv  - by  natural  tron  a physical  point  of  viev  functions 

(d isplaceaent/nove ment  and  voltage/stresses). 

2.  A.  I.  Lur* ye  wider  it  uses  transcendent  operations  and 
transcendental  differential  equations  (thanks  to  which  are  obtained 
solution  the  accurately  satisfying  differential  equation  tasks  and 
boundary  conditions  on  two  planes  z = const),  but  is  forced  therefore 
to  examine  the  only  pol yharnonic  and  other  quotients,  although 
sufficiently  the  wide,  classes  of  loads.  V.  Z.  Vlasov  in  principle  it 
does  not  liait  the  generality  of  loads,  but  it  uses  the  predoninantly 
truncated  subs  of  operators  (0.30)  and  (0.34),  as  a result  of  which 

it  coses  not  to  transcendent,  but  to  polyharaonic  differential 
equations.  In  this  case  it  is  obtained  the  solution,  which  accurately 

it  satisfies  only  conditions  on  primary  surface. 

Each  of  the  approaches  it  can  have  its  advantages  in  the 
definite  missions. 

Let  us  note  now  two  circumstances,  characteristic  for  the  works 
of  both  authors  and  which  are  to  a certain  extent  a shortcoming  in 
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the  proposed  by  them  method. 


1.  Limited  use  of  the  transcendent  differential  operators  - in 
essence  for  the  reduced  recording  of  series.  Hence  naturally  it 
escape/ensues  identification  by  them  the  method  of  the  initial 
functions  with  sequence  method.  That,  for  example,  in  A.  r.  Lur'ye 
[28,  page  190]  he  tells  that  "the  symbolic  method  of  the  recording  of 
the  solutions  to  the  equations  of  theory  of  elasticity,  of  course,  it 
is  not  the  necessary  means  of  the  study  of  the  problems,  connected 
with  the  equilibrium  of  a layer.  It  would  be  possible  from  the  very 

beginning  the  solution  to  these  equations  to  seek  in  the  form 

u =*  t/  (x) 

v=VU)e‘«^+»y>,  (0  42) 

O)  87  (;) 

Symbolic  method  it  made  it  possible  simple  economical  to 
organize  this  calculation,  prompting  in  each  stage  further  motion  of 
unpacking/facing".  Scarcely  whether  it  is  possible  to  agree  with  this 
affirmation  therefore,  that,  for  example,  for  Cauchy's  problem 


— a*  , a — const;  0 < x,  t < + oo, 


u(x.  0)-«p(x); 


' (1). 


i|)  (x);  « (0,  0 “ 0 


through  the  method  of  the  initial  functions  easily  (see  [2,  page 
1309  ]}  it  is  located  the  solution  of  d * Alembert 


0 - ^ f(x-|-fl/)-f-  <|»(x 


ta)dl.(0.44) 
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while  this  obtaining  similar  to  it  solutions  with  the  help  of  series 
eztrewely  difficultly,  but  sonetimes  is  generally  impossible. 

Page  21. 

2.  The  absence  of  any  substantiation  of  the  actions,  produced 
above  the  transcendent  operators,  to  say  nothing  of  about  the  fact 
that  are  not  shown  the  domain  of  definition  of  the  operators  (that, 
true,  it  is  of  purely  theoretical  interest).  Thus,  for  instance,  the 
formula 

(stn*7  ]/~S  + cos*?  VS)  ^ ix,  y)  = V (jt,  y)  (0.35) 

obvious,  if  & be  a number,  and  it  requires  not  only  proof,  but  also 
interpretation,  if  A is  an  operator  of  Laplace. 

Following  works  of  A.  I.  Lur'ye  and  V.  Z.  Vlasov  in  recent  years 
it  appeared  a series  of  the  articles,  in  which  they  were  solved 
specific  problems  with  the  application/use  of  a method  of  the  initial 
functions,  they  were  developed  the  separate/individual  positions  of 
this  method,  they  were  given  some  of  its  generalizations. 

So,  into  1958  they  left  V.  V.  Vlasov's  article  [16,  14,  13], 
article  E.  S.  Omanskiy,  A.  L.  Kvitkya  and  V.  A.  Agareva  [41]  and 


I 
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the  article  of  Ye.  I.  silkin  and  N.  A.  Solov'yev  [38]. 


In  the  article  [16]  author  it  used  the  nethod  of  the  initial 
functions  to  the  static  task  of  the  equilibriun  of  diaphra gm/aenbr ane 
and  plicated  type  moment- less  slightly  curved  shell  almost  with  any 
form  cf  loading. 


In  the  article  [41]  the  authors  was  obtained  the  general 
solution  of  the  equations  of  the  axisy mnetrical  task  of  elasticity 
theory  in  the  presence  of  temperature  and  inertia  actions,  and  also 
the  equations  of  the  torsion  of  body  of  revolution  with  the  arbitrary 
fora  of  axial  section/cut. 


Characteristic  for  both  articles  it  is  that  hera  for  the 

first  time  the  nethod  of  the  initial  functions  it  was  used  for  the 
reducing  of  two-dimensional  tasks  to  ordinary  differential  equations. 
The  difference  between  then  (to  say  nothing,  of  course,  about  series 
of  question  touched  upon)  it  consists  in  the  following: 

in  V.  V.  Vlasov's  work  method  it  is  used  to  comparatively  idle 
time,  from  mathematical  point  of  view,  task,  and  therefore  it  is 
possible  to  obtain  expressions  for  the  operators  in  the  closed 
transcendent  form; 


I 


DOC  = 7755302  PAGE  W 

37 

in  Horic  E.  S.  Umanskiy,  A.  L.  KYitkya  and  V.  A.  Agareva  the 
task  in  question  considerably  sore  coaplex,  but  the  operators  are 
obtained  only  in  the  fora  of  series  (besides  torsion)  . 

In  the  article  [14],  using  the  method  of  the  initial  functions, 
V.  V.  Vlasov  it  obtains  the  general  solution  of  the  equations  of 
tuo-diaens ional  problem  of  elasticity  theory,  whereupon  the  operators 
are  expressed  in  the  closed  transcendent  form.  Then  the  general 
solution  it  is  used  to  the  tasks  of  the  depression  of  die/stamp  into 
plate/slab,  about  ^he  stressed  state  of  two-layered  plate/slab,  of 
the  stability  of  three-layered  plate/slab,  to  research  of  the  voltage 
distributions  in  double  T during  load  one  flanges  by  distributed 
load,  and  also  to  the  study  of  bending  and  torsion  of  thin-walled 
box. 


Page  22. 

In  all  cases  boundary  conditions  on  two  of  the  four  opposite  edges 
they  correspond  to  the  known  solutions  of  Paylon  and  Sib*yer. 

As  concerns  the  process  of  obtaining  general  solution,  in  our 

f 


opinion,  author  it  allow/assumes  excessive  liberty  in  rotation  with 
the  operators  (although  to  a certain  extent  this  is  generally  been 
inherent  in  symbolic  methods).  Thus,  for  instance,  it  ' 
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record/M rites  system  of  equations  for  determining  those  entering  the 
general  solution  of  values  as  follcus: 


— — ^ ^ V (yCi  + C«) »“  u*.  y|^ — - yC,+(1— “ty*. 
\*G|(I  +h)yC  — (1  — |i)CJ  Y*GlM+fihC,~2nC,|-T;^ 


(0.46) 


vhence  by  purely  algebraic  way  it  finds  Cj , C,,  although  here 

d 


dx  ‘ 


(0.47) 


a value  Ct  they  are  functions  of  x. 


To  two-dimensional  problem  of  elasticity  theory  is  dedicated  and 
Im  V.  Vlasov's  candidate  thesis  f 15]. 

In  the  article  [13],  on  the  basis  of  the  obtained  in  [14] 
general  solution  of  two-dimensional  problem,  author  it  gives  the 
solution  of  the  problem  of  the  bending  (in  the  sense  of  plane  strain) 
of  multilayer  plate/slab  - final,  by  periodically  depending  on  and 
not  limited;  in  this  case  again  on  two  end/faces  boundary  conditions 
they  correspond  to  the  solutions  of  Faylon  and  Bib'yer. 

Finally,  in  the  article  [ 38]  Ye.  I.  Silkin  and  B.  A.  Solovyev, 

I 


»■ 


on  the  basis  of  equations  (0.29),  (0.32),  (0.  33)  and  (0.35)  V.  Z 

Vlasov  and  using  the  method  of  double  trigonometric  series,  they 
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trace  the  Units  of  the  applicability  Kirchoff-  - Love's  hypothesis 
for  thich  square  plate/slabs  with  hinged  support  on  outline/contour. 

In  1959 — 1961  they  left  the  article  of  V.  V,  Vlasov  M7,  18]  and 
c£  article  of  the  author  of  this  worh  [1,  2],  and  also  of  the 
article,  vritten  by  author  together  with  N.  A.  Henzel,  E.  S.  Unanskiy 
and  N.  N.  Chern  [42,  10  and  3]. 

V.  V.  Vlasov's  articles  [ 17,  18]  ate  dedicated  to  soae 
particular  questions  of  two-dinensiona 1 problen  for  a rectangular 
donain  and  the  bending  of  rectangular  plates.  Unfortunately,  in  these 
articles  author  it  does  not  give  expressions  for  voltage/stresses  and 
displacene  nt/novenents . 

As  concerns  articles  [ 1,  2,  3,  10,  41,  and  42],  in  then  is 
briefly  illuninated  part  of  the  questions,  presented  in  this  book. 

To  this  it  is  linited  the  enuneration  of  the  works, 
direct-connected  with  the  developnent  of  the  nethod  of  tlia  initial 
functions. 

One  should  note,  however,  another  the  research,  which  do  not 
have  direct/straight  relation  to  the  nethod  in  question,  but  very 
close  to  it  in  its  ideas. 


Page  2 3. 

Most  characteristic  in  this  respect  they  are  P.  F,  Papkovich's  work 
[31«  32],  I.  Fadle  [47]  and  G.  A.  Greenberg  [19  and  20]. 


Into  1940  P.  F.  Papkovich  [31]  and  I.  Fadles  [47]  (latter  - 
under  the  effect  of  the  ideas,  expressed  by  F.  Tel'ke  in  work  [^O]) 
siaultaneo usly  and  independently  of  each  other  used  to 
two-diaensional  problea  of  elasticity  theory  the  aethod,  which  is 
actually  the  generalization  of  H.  Levi*s  known  aethod  (for  exaaple, 
see  [32,  §14-24])  and  that  which  consist  of  the  fact  that  the  unknown 
solution  it  is  represented  as  expansion  in  teras  of  the  functions, 
which  are  selected  by  special  fora,  so  that  they  they  would  satisfy 
sone  uniform  conditions  on  two  opposite  boundaries  of  rectangular 
domain.  In  the  article  [20]  G.  A.  Greenberg  it  generalized  this 
aethod,  after  widening  the  class  of  functions,  according  to  which  it 
is  conducted  expansion/decoaposition,  and  P.  F.  Papkovich  [32]  it 
spread  this  aethod  to  the  tasks  of  the  bending  of  rectangular  plates. 
In  specific  problems  P.  F.  Papkovich  and  I.  Fadles  they  arrived  at 
equation  (0.23)  they  tabulated  the  first  roots  of  this  equation. 


Into  1946  and  then  into  1948  [19],  developing  this  tendency,  G 
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A.  Greenberg  it  proposed  for  the  sufficiently  broad  class  of  the 
tasks  of  nathenatical  physics,  described  by  the  differential  second 
ccder  equations,  the  method  of  the  representat icn  of  solution  in  the 
forn  of  Fourier  series  in  the  eigenfunctions  of  unifora  task. 

All  the  mentioned  here  works  they  have  that  that 
coanon/general/tot al  with  the  method  of  the  initial  functions,  that 
if,  using  the  last/latter,  transcendental  functional  equation  is 
treated  as  ordinary  differential  equation  of  infinitely  high  order, 
then  solution  it  is  obtained  that  which  was  presented  as  expansion  in 
terns  of  the  fact  eigenfunctions  of  uniform  task.  True,  the 
coefficients  of  expansion  they  can  be  others,  since  P.  P.  Papkovich, 
!•  Padle  and  G.  A.  Greenberg  select  any  particular  solution,  but  in 
the  method  of  the  initial  functions  this  solution  it  is  obtained  by 
completely  determined  - to  the  satisfying  rero  conditions  on  the 
initial  line.  This  it  clear  Greenberg's  method  [19,  20],  but  it,  as 
has  already  been  spcken,  was  worked  out  only  for  second  order 
equations. 

In  conclusion  let  us  pause  briefly  at  use  in  the  method  of  the 
initial  functions  of  the  apparatus  of  operational  calculus. 

In  §1  has  already  been  noted  that  for  the  method  of  the  initial 


functlcns  the  characteristically  wide  application  of  symbolic 
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operations.  At  first  glance  it  can  be  shown  that  both  for  conducting 
operations  thenselves  and  for  their  proof  they  can  be  used  apparatus 
and  the  theory  of  operational  calculus.  However*  the  situation  is  not 
entirely  thus.  Without  going  into  details*  let  us  note  following. 

1.  In  three-d inensiona  1 tasks  the  nethod  of  the  initial 
functions  it  deals  in  essence  with  the  flat/plane  operator  of 
Laplace*  in  operational  calculation/enuweration  this  operator  it  does 
not  figure. 

Page  24. 

2.  In  two-diiensional  tasks  the  basic  operator*  utilized  in  the 
aethod  of  the  initial  functions*  he  is  differential  operator*  that  in 
known  sense  it  draws  together  this  aethod  with  operational  methods. 

3.  The  purposes*  as  which  they  serve  the  operators  in 
operational  calculus  and  in  the  aethod  of  the  initial  functions*  in 
essence  are  different: 

a)  in  operational  calculus  - the  presence  of  operator*  who 
corresponds  to  the  unknown  solution*  and  then  either  this  operator's 
realization  for  unit  function  (as  is  done  in  works  [25*  35*  21  and 
22]*  where  operational  calculus  it  is  based  on  the  integral  transfora 
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Laplace-  - Carsoa)  , or  the  presence  of  function,  identical  to  the 
obtained  operator  (as  is  done  in  works  [30]  and  [49],  where 
operational  calculus  it  is  stated  in  purely  operator  forn)  : 


b)  in  the  net  hod  of  the  initial  functions  - the  presence  of  the 
operators,  and  then  either  their  realization  for  the 

assigned/prescribed  functions  (in  the  case  of  the  Cauchy  problem),  or 
the  presence  of  unknown  function  from  transcendent 

integrodif ferentia 1 equations  (in  the  case  of  boundary* val ue  problem) 
during  the  wide  use  of  symbolic  operations. 

4.  During  the  solution  to  boundary-value  problems  for  elliptical 
equations  for  the  method  of  the  initial  functions  dominant  role  they 
play  the  operators  of  the  form 

F ip) e***  {k.  - teal  number),  (0.48) 


a in  usual  operational  calculus  such  operators  they  are  excluded, 
since  the  integral 

I \ f(p)</p|<  J I «<*<■+'•»  I do-  J e-**do  (0.49) 


it  diverges  with  any  k and,  it  means  (see  for  exam.  [24,  page  404]), 
P (p)  not  represented  by  Laplace's  integral.  Analogously  and  in 
operator  calculation/enuneration  Ta.  Hikusinskiy  "there  does  not 


DOC  * 7755302 


PAGE  ig€ 


eiist  exponential  function  #>*«  (X  really)"  [30,  page  247  ], 

5.  From  fornal  point  of  view  those  synbolic  operations,  vhich 
are  used  in  the  method  of  the  initial  functions,  nost  of  all  they 
correspond  to  the  style  of  works  M.  Vashchenko-Zakharchenk  [9],  o. 
Heaviside  [48],  V.  I.  Snirnova  [39]  and  I.  I.  Khirshnan  and  D.  V. 
Uidder  [ 45  ]. 

Thus,  it  is  possible  to  do  the  following  conclusions: 

a)  the  used  in  the  method  of  the  initial  functions  synbolic 
operations  they  require  the  development  of  its  "algebra"  and  its 
proof,  not  connected  with  the  theory  of  operational  (or  operator) 
ca leu 1 at ion/enu aeration; 

b)  during  the  solution  of  the  probleas  of  Cauchy  in  the  method 
cf  the  initial  functions  they  can  be  used  the  table  of  the  images  of 
operational  calculus,  in  particular  table  from  "Handbook"  [22]; 
partially  this  it  is  related  also  to  the  presence  of  particular 
solutions  (last/latter  members  in  the  canonical  equations  of  the 
method  of  the  initial  functions). 
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Chapter  1. 


SOME  QUESTIONS  OP  THE  THEORY  OF  THE  HEGOLAP  AND  SINGULAR  OPERATORS. 


In  this  chapter  it  is  given  certain  proof  by  those  to  the 
transcendent  differential  operations,  which  widely  are  used  in  the 
aethod  of  the  initial  functions.  It  is  natural  that  froa  the  theory 
of  the  operators  they  are  affected  in  essence  those  questions,  which 
ate  connected  with  following  presentation.  However,  incidentally  are 
obtained  and  the  separate/individual  results,  r.oi  connected  with  the 
aethod  of  the  initial  functions,  but  which  are  of  to  known  degree 
coaaon/general/total  interest  as,  for  eiaaple,  integral  relationships 
for  Bessel  functions,  the  particular  solutions  to  haraonic  and 
blharaonic  equations,  satisfying  conditions  Cauchy. 

$3.  Basic  deterainations. 

Let  f(i|)  be  a function  of  diaensionless  real  or  coaplex  variable 

«> 

I 

I 
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(Let  us  note  that  subsequently  it  is  necessary  to  deal  predoni nant ly 
with  the  interval/gap 

0<Ti<X,  0<X<1).  (1.1) 

let  us  introduce  syabol  ^ differentiation  with  respect  to 
variable 

Pv(n)  = ^ = (>-2) 

Let,  further,  L (z)  - analytic  coaplex  variable  function  7.  If 

we  in  the  analytical  expression  of  this  function  replace  z by  3,  then 

which  we  call  aru operator.  ( Thus JPI-J 
it  will  be  obtained  the  foraal  expfessTcn  “T.  (3)7BsIgn  etc.  are  not 

the  operators)  . 

The  fact  that  operator  L (P)  it  corresponds  (fornally)  to 
function  L (z) , it  is  noted  by  the  sign 

L(fi)**Hz).  (1.3) 

If  function  L (z)  besides  alternating/variable  z it  contains 
even  any  paraaeter  k,  i.  e. , L (z)  » L (k,  z)  , then  during 
replaceaent  of  z on  p it  is  obtained  operator  L (k,  p) , dapending  on 
the  paraaeter.  The  role  of  the  paraaeter  it  can  play  also  variable 7t 
or  any  another  diaensionless  and  not  depending  on  7^  and  z variable 
E.  In  this  case  operators  L{i\,9),  L (E,  P)  or  f-((.t),P)  they  can  be 
naaed  operator-functions. 


( 
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Page  26. 

Depending  on  the  fora  of  the  function  L (z)  <Hhole,  irrational, 
■eroaorphic,  logarithaic  and  so  forth)  the  corresponding  naae  it  is 
conferred  and  to  operator.  For  example,  L (f)  = a = bp*  ♦ c6‘,  L O) 

* L (P)  = kP*  + v*,  L (P)  = sine  mSP  they  will  be  respectively 

polyncaial,  fractional,  irrational  and  trigonometric  operator. 

Special  place  occupy  the  operators,  assigned/prescribed  not  in  the 
closed  fora,  but  in  the  fora  of  any  series,  for  example  UnZ" *-►  X “-t?"- 

If  to  function  <p(t|)  it  is  used  operator  L (p)  (otherwise: 
operator  L it  functions  above  the  function  e or  above  the  function  a 
it  is  produced  operation  L)  , then  it  is  used  any  of  the  following 
recordings: 

L (P)  ;«p  (ri)l  - L (p)f  (tj)  = - 1 |«p)  - . (1-4) 

As  a result  of  action  L above  e (if,  of  course,  this  action  it  aakes 
sense)  we  obtain  the  function 

a>(i))- Z.(p)fi(i)).  (15) 

which  it  is  called  operator's  value  L above  the  function  #,  or  siaply 
by  operator's  value.  The  process  of  finding  operator's  value  let  us 
naae  operator's  realization,  soaetiaes  so  let  us  call  formula  itself, 
which  it  shows,  which  operations  necessary  to  produce  above  # in 
order  to  obtain  <D  (for  example,  formula  (1.2)). 

I 

I 
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Set  Ml.  all  functions  for 

it  is  the  domain  of  definition  of 
above  which  ace  possible  operation 
product  to  set  <“1.,  Set 

result  of  applying  opsration  (1.5) 
range  of  values  of  operator  L. 


which  is  possible  operation  (1.5), 

( ( n )' 

operator  L (P).  jS^ny  all  f unctirnRO^ 

A 

L,(f,  /.jip,  . . . _ obvious  egual  to 

the  functions  O (t]),  obtai  ned  as  a 
to  all  it  is  called  the 


If  monomial  expression  it  contains  operator  L (3)  and  functions 

of  7^1  then  operator  L (3)  it  functions  only  above  those  functions, 

* 

which  are  placed  to  the  right  of  it.  For  example,  in  expression 
Y (SirefTt'or  it  functions  above  the  function  vig)  “ 


Now  let  us  establish/install  the  elements  of  the  algebra  of  the 
operators. 


1.  The  operators  are  egual,  i.e.,  « L^,  if: 

•>  “l. 

b)l,q)-l.N»  joj  any  0.6) 

Proa  L|  ■ L2  and  Lc  « Ls,  it  follows  L|  * L3. 

2.  Operator  L (3)  it  is  called  uait  it  is  designated  3*  or 


simply  1,  if 
Pros  the  eguality 


for  any 
I-r-I 


(1.7) 

(1.8) 
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it  follows 

Page  27. 

Obviously,  u,  and  0,  coincide  with  many  all  functions. 

3.  Operator  L (3)  it  is  called  zero  (zero-operator)  it  is 
designated  through  0,  if 

LtpasO  for  any  <p6<i»».  (I  10, 


PccB  the  equality 

Z.-0  (1.11) 

it  follows 

= 0 l^»l  » 0 (1.12) 

Obviously,  wq  = ug , and  Og  consists  of  one  nuaber  zero. 


4.  operator's  eul tiplicat ion  by  nunber  (generally  speaking, 
coeplex)  it  is  deterained  by  equality  (see  (1.5)) 

f 

(I.I3) 
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This  equality  it  vill 

h\j  a 1*-^  ^ 

-7  . ^ . 


reaain  in  force,  if  constant  c is  replacerl 
variable  (including  Obviously,  = 


5.  Le  t 

i-i(P)«P(n)“<I».(n).  /.*(P)9(7l)  = <I>t(ii).  (1.14) 

Operator  L it  is  -ailed  the  sup  of  operators  Li  and  it  is 
designated 


if 


Z.  =3  1*1  Z-t  — Z.1  -f-  Z-i , (1.15) 

Z.«p  = (P,  + (D:  g*,  (P, . (1. 16; 


Obviously,  o>,=  o»^o»,^  Prop  the  given  deteraination  it  follows  that 

the  SUB  of  the  operators  it  is  subordinated  to  coaaunativs  and 
distributive  laws  whereupon  for  any  (final)  nuater  of  terns. 


6.  Let  are  as  before  accepted  designation  (1.14).  Operator  L it 
is  called  the  product  of  the  operators  L|  and  it  is  designated 

Z,«Z.(p)- Z,(P)Z:,(p)«Z.jZ.,.  (1.17) 

if  (under  the  conditions  Qu  ^“r.) 

Z.«p-®-.Z.i<I»,.  (1.18) 

cr,  in  aore  detail, 

z^>-z,iZ4f  » L,(P)'Z.,(P)f (lO)  — z,,(p)a>i(7i)  -©(n).  (i  iS) 

Analogously  it  is  deternined  product  LaLi*  If  aoreover 

(Zaf , — ZlpLiV  « Li  (Z-iV).  (1.20) 

that  the  operators  Lj  and  La  are  pernutable  (are  coaautati ve) . 
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Page  28. 

As  concerns  the  doaain  of  definition  of  operator  L,  scarcely  possible 
to  establish/install  coanon/genera  1/total  dependence  between  w,, 
and  In  the  case  of  the  adjustable  operators  the  necessary  (but, 

generally  speaking,  insufficient)  condition  it  will  be  <i>  Co» 

Not  difficult  to  spread  the  given  deteraination  to  product  n of 
the  operators  and  to  show  that  this  product  it  is  subordinated  to 
coabined  law,  for  exaaple, 

LiLtL^L^Li  = {LiLt)  (LfL^L^)  = (LiLxLjt)  ™ 

= L,(UU)(UU).  (1.21) 

7.  Operator,  who  is  the  product  of  the  identical  operators,  it 
is  called  operator's  degree: 

LL^L*.  LLL^L*,...,  LL...L^L*.  (1.22) 

■ an 

The  coaautativi ty  of  the  identical  degrees  L is  obvious,  and  froa  the 
associativity  of  aultiplication  it  follows  and  the  coaautativity  of 
the  different  degrees  L.  Hence:  for  any  operator  L with  arbitrary 
entire  a,  n ^ 0 it  will  be 

. imL*  — I"/,* . (1.2^ 

Proa  (1«2)  and  (1.22)  we  find  the  realization  of  degress  0: 
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wl'k  'fVv  kj  S«  «.  HtsAt" 

nl  k ml ■ ■ ill  imy  < 4i.i  » «,  where  through  w warkedly  aany  infinitely 
differentiated  functions. 

8.  Operator  Li  (8)  it  is  called  reverse/inverse  with  respect  to 
L (8)  it  is  designated  through  L">  (8)  or  1/^  (8))»  if  it  there  exists 
and 

= ^,  25) 

' ( 

i.  e.,  (see  (1.8)  and  (1.9)) 

i 

1 L-'L=-i.L-l.  (1.28) 

If  operators  L and  L"*  are  pernutable,  then  it  is  possible  to 
lecord/write  then: 

but  if  they  not  pernutable,  then  wultiply  by  inverse  operator  one 
should  always  to  the  left  (this  purely  conditional  understanding  it 
escape/ensues  froa  deteraination  (1.25)),  but  recording  L/L  it 
becoaes  not  deterained. 

page  29. 


i 
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Generally  in  the  case  of  the  incoanutable  operators  L*  and  l/L^ 
fraction  Li/L2  is  not  deternined. 


Analogous  to 


(with  1.22)  and  (1.23)  it  is  possible  to  obtain 


1 j 

I ■ L ' 


I I 1 

C L - X' 

m iiM 


(1  28) 


-for  an  zero-operator  (L  = 0)  inverse  operator  there  does  not 
exist.  Operator,  reverse/inverse  unit  (I  * 1),  unit  itself  (this  it 
follows  froB  (1.25)  and  p.  1),  if  L"*  * 1,  then  also  L = 1. 


9.  AS  usual,  operator  L let  us  nase  linear  (or  additive),  if 


L 


- 1'  AU-  If.)  . 


(1.29) 


where  A,  are  constants  or  the  functions  of  any  alternating/variable 
independent  variables  of  yi-  Hence  we  let  us  leet  alaost  exclusively 
the  linear  operators. 


In  conclusion  of  this  paragraph  let  us  do  several  observations, 
useful  for  future  reference. 


1.  Obvious  that  the  equality 


ij 

I 


fiin)  - f»(n) 


(1.30) 
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it  iaply  the  equality 


Z.«p, , 


but  reverse/inverse,  generally  speaking,  erroneously. 


2.  Froa  the  equality 


Ltiz) 


and  the  correspondences 


Z., (P) Z., (r) , Lt^)**Lt(z) 


it  does  not  follow  that 


For  example,  let 


Z,,  (P)  = Z,i  (p) . 


h«— r-il— ...  .f  |.|>1. 


Page  30. 


Then,  after  assuming  that  (1.32)  and  (1.33)  it  follows  (1.34),  we 


will  have 


- Z.,  (P)  = 1 + p + p=  + . . . , 


i (P)  “ I p i-i  (P)  — p P,  .... 


whence  in  accordance  with  p.  1 page  27 


H-t>'  + f + ,137, 
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that  erroneously.  For  this  eliaination  and  siailar  to  it 

aisunderst andings  necessary  to  choose  cne  of  the  possible  expansions 
I (2)  in  a series  (logically,  after  establish/installing 
preliainarily  the  criterion  of  this  selection) . 


3.  Let 


L\  L%,  « (D, , L/ff  « (p| , 

(1.38) 

According  to  p.  1 page  27, 

Z.iV  > £,9 . 

(1.39) 

or 

(D,  -Ot. 

(l.40» 

Eut  then,  according  to  p.  1 page  30, 

/.(D, -LCD,. 

(1.41) 

either,  taking  into  account  (1.38), 

L (£,9|  - L {£,^1 , 

(1.42) 

cr,  finally  (see  (1.19)), 

££,  Iv)  -££.{f). 

(1.43) 

Hence  again  on  p.  1 page  27 

££,-££,. 

(1.44) 

Analogously,  on  the  basis  of  equality  Li 

« Lx  aud  p. 

it  is  possible  to  find 

£,£-£,£. 

(1.45) 

I 
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Foraulas  ( 1.44)  - (1.45)  they  show  that  the  operator  equation  Lj  = Lg 
it  will  not  be  broken,  if  it  or  to  the  right  are  aultiplied  to  the 
right  by  the  arbitrary  operator  L. 


4.  Let  us  designate 


According  to  deter  a ination  (1.26),  if  L,  there  exists,  then 

LiL-^  - 1 . (1.47) 


Page  31. 


let  us  eultiply  to  the  right  this  operator  equality  (in  the  right 
part  of  it  stands  unit  operator)  by  L: 

«.  l-L  - L,  (1.48) 

or,  on  the  strength  of  the  associativity  of  the  product  of  the 


operators. 


i.  e.r  (see  (1.26)) 


Li  {L  'L)  = L I 


L,-L. 


Equate/coaparing  (1.46)  and  (1.50),  we  include  that 

0.-')-'-/.. 


(I.5I)- 


Consequently,  operator,  is  inverse  with  respect  to  inverse  operator, 
is  equal,  if  it  there  exists,  to  the  initial  operator. 

After  placing  L,  * L“»  and  using  (1.26),  easy  to  show  that  for 
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any  L correctly  expression  (1.27),  if  only  L“»  there  exists. 

5.  If  L**  there  exists,  then  it  only. 

6.  Without  the  special  labor  it  is  possible  to  deaonstrate  that 
if  we  keep  in  aind  the  action  of  the  arbitrary  operators  above  the 
arbitrary'/)  then:^a)  L|  >12  = L|  when  and  only  when  L2  = 0;  b) 

'CP 

— 1*1.1  ■ 0 when  and  only  when  and  L,  = 0,  and  L2  = 0;  ’c)  LiL*  = 

L|  then  and  only  when  L2  = 1 (with  Li  ^ 0) . 

7.  In  all  given  above  deterninati cns  and  considerations  the  zero 
and  unit  operators  they  played  the  sane  role,  as  usual  nunbers  zero 
and  Unity.  Introduced  for  then  designations  0 and  1 they  stress  that 
there  is  no  need  for  naking  the  difference  between  the  operator  or 
nunber. 

8.  If  there  exists  L~*,  then  of 

LLi  — LL^  or  LtL  •m  LJ.  (1.52)  j 

f 

it  follows  (p.  1,  page  27)  ; 

(1-53)  I 

/ 

i.  e.,  operator  equality  possible,  "to  reduce"  to  the  operator,  which  ! 

occupies  identical  extrene  places  in  the  left  and  right  sides  of  the  f 


) 
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equality.  But  if  opecator  it  stands  not  on  identical  places  (LLi  * 
LjL)  or  not  at  all  at  edge  (LjLL2  = L3LL4),  then  "cannot  be  reduced" 
(if*  of  course*  operators  L*  L^*  L2  they  do  not  coaiutate  either  they 
do  not  occur  of  equality  L|  = Lj,  or  L2  * !•♦*  then  equations  are  led 
to  expression  (1.52)). 

Page  32. 

§4.  Exponential,  hyperbolic  and  trigonometric  operators. 

In  the  literature  (for  example*  [4,  page  147*  5,  page  10;  45* 
page  10])*  frequently  it  is  encountered  operator  «**•  On  the  basis  of 
formal  expansion  according  to  degrees  p and  assuming  that  <p€<ii>>the 
authors  easily  they  come  to  this  operator's  following  realization:  *. 

^4'(n)*=  + (IM) 

FOOTmOTE  ».  Here  are  given  our  designations.  BHDPOOTHOTB. 

1; 

1; 

;j  Further  I.  1.  Khirshaan  and  D.  V.  Oidder  they  are  limited  to  this 

observation:  "now  we  define  «"7U)  as  f (x  ♦ a)  we  note  that  in 

I 

t 

t 

f 

t 

i 

t 

- I i m mm  — ■ ' - 
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spit«  of  the  background  of  definition,  expression  (-r)  it  will 
■ake  sense  and  when  function  f (x)  is  net  differentiated".  This 
valuable  by  itself  deteraination  it  does  leave,  however,  opened  this 
very  iaportant  for  a practice  (at  least  in  application  to  the  nethod 
cf  the  initial  functions)  question:  actually  whether  of  the  fact  that 
the  operator  in  question  they  did  designate  e**,  it  was  converted 
into  exponential  function  and  is  it  possible  during  operator 

transforas  to  use  the  properties  cf  this  function?  In  the  present 
paragraph  we  let  us  attempt  to  give  answer/response  to  this  question, 

and  also  to  a similar  question  for  the  trigonoaetric  and  hyperbolic 
operators. 

Thus,  let  us  determine  operator-function  with  the  help 

of  the  equality 

i»(E.P)<Ph)  9(^  + 6)  (*-55) 

let  us  explain  its  sone  properties. 

1.  Hith  E = 0 it  will  be 

whence,  according  to  p.  2 pages  27, 

Z..(0.P)-I.  (1.57) 

3.'  ^et/assnaing  in  (1.55)  t * Cj  and  C ^ «e  will  obtain  two 
different  operators  and  L,((»,P).  For  their  product,  taking 

into  account  (1.19)  and  (1.55),  let  us  have: 


and,  analogously. 


L,  (£,.  P)  L,  (U.  P)  9 (»I)  * L.  (I,.  P)  L,  (5,.  P)  9 (t))l  - 
“ ^<(6i-P)9(’1  + 6*)  ” 9(n+  It  4-  6i)  “ i«(6i  -f  £•.  P)9(»l)  (1-58) 


i 

t 

j 


L.  (I,,  p)  u (6i.  P)  9 (n)  = (Si.  P)  [L,  (5,.  P)  9 (n)!  - 

-i..(Ei  + S..p)9(n).  (159) 


^on  last/latter  two  equalities  and  p.  1 page  28  we  obtain 
L,  (I,.  P)  L.  (5,.  p)  = L,  (it.  P)  L,  (6,.  p)  = L.  (6,  + it.  P) . (1 .60) 


3.  Set/assunlng  In  (1.60)  (g  and  taking  into  account 

(1.57)  , we  £ ind 


Lf  (i,fi)Lt( — S,  P)  ■»  1 , 

whence  (nultiplylng  to  the  left  by  operator  £,7'(|.P) 
keeping  in  nind  p.  8 page  29) 


(1.61) 

TTdP) 


and 


(1.62) 

Since  there  is  no  fixed  5 -» 5,.  with  which,  for  any 
function,  9(9)  would  be  9 (9  + S«) ^ 0.  on  the  basis  of  (1.55)  and 
p3»  P 28,  we  come  to  the  conclusion  that  with  all  i 


t,(l.P)-rtO.  (1.63) 

' ^ will  be  distracted  for  a period  of  the  fact  that  Z.,(£.p) 
this  fenctioa  of  operator,  and  let  as  look  to  it  as  for  the  wsaal 
fubction  of  6,  in  which  is  included  certain  paraaeter  p.  Equalities 
(1.57),  (1.60),  (1.62)  and  (1.63)  they  establish  that  function  1,(S.P) 
in  sain  properties  it  coincides  with  usual  exponential  function,  in 
particular  (1.60)  it  expresses  the  base  property  (theorea  of 
saasation) , which  is  inherent  in  this  and  only  this  function  (see  for 
exasple,  [5,  p.  75]).  Therefore  it  will  natural  designate  i,(S.P)  as 
e to  degree  C*  bowever*  into  eealyticel  espressloa  for  L,(i,p)  it 
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■ust  enter  even  the  paraieter  Given  above  considerations  they  do 

not  give  any  indications  in  the  relation  to,  as  precisely  it  enters  p 

in  i,(£.P)  (parameter  p generally  in  them  it  did  not  figure  - it  it' 

served  only  recall  about  the  fact  that  from  not  simply 

function,  but  at  the  same  time  and  operator).  Therefore  for 

it  would  be  possible  to  taKe  any  of  the  following  designations: 
e'-f.  e\  e'* 

4 etc.  (such  designations,  as  and  do  not  match  up, 

since  they  they  contradict  determinations  §3).  Into  56  examined  the 
action  of  operator  above  functions  ss  a result  of 

which  it  will  be  discovered  the  naturalness  of  designation  In 

order  not  to  make  the  difference  in  the  designations  of  operator, 
used  to  any  and  to  infinitely  differentiated  to  functions,  let  us 
take  and  here 

after  which  (1.54)  and  (1.55)  they  will  give 

/.*(l.P)<p(n)-«i'f(n) -»(»)  + 5).  (I.M) 

Now  let  us  consider  operators 

(1.65) 

i«e.  in  accordance  with  (1.64)  and  p.  1 page  27 

I 

i 

I 

\ 
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^ (5.  P)<p(n) 


<p(n)  = ^lv(n  + 5)  — »(n  — ll. 


Page  34. 

1.  With  5=0,  according  to  p.  2 and  3 pages  28,  it  will  be 

i.,(0,p)=l,  Z„(0,p)  = 0.  (1.67) 

2.  Set/assuming  in  (1.66)  5 and  5 » E*,  let  us  find 

U (li.  P)  Lc  (Si.  P)  v(r\)^Lc  (Si.  p)  Lc  (S,.  P)«p(n)«- 

- lv(n  + Si  + El)  + 4>(n  — El  -f  Ei)  + 

+ <p(n  + S,-Ei)-f  ^(n-Sa-Si)].  (1.68) 

L.  (El.  P)  L.  (Si.  P)  «P  (Ti)  - L.  (Sa.  p)  L,  (S,.  P)  <P  (n)  = 

l'i'(»)  + Ei  + Ei)  — vCii  — Ei  + Ei)  — 

-q>(n  + Si-Ei)  + f(n-Ei-Si)l.  (1.69) 


whence 

Le  (Si  + Sk  P)  + /.»  (Si  - El.  P)  - 2L  (Ei.  P)  f.,  (Ei.  P)  • (1.70) 

3.  Store/adding  up  and  subtracting  (1.68)  and  (1.69),  we  will 
obtain 


/k  (El  ± El.  P)  - 1..  (El.  P) Ic  (Er  P)  ± L.  (E,.  P)L,(U.p).  (1.71) 
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whence,  in  particular  when  ^1=^2=  C, 

1.  0-72) 

After  building,  similarly  (1.68)  and  i1.69),  products  L,  (Si.  P)  1-*  (tt.  P)  and 
/)  let  us  find 

L.  (S,  ± P)  - L (S,.  P)  U (E..  P)  ± U (Iv  P)  L.  (S,.  P) . (1 .73) 

L,  (21 P)  = 2L,  (I  P)Lc  (5.  p)  (1.74) 

and  so  forth. 

4.  Substituting  in  (1.65)  f on  - is  discovered  that 

S.  P)  - (S.  P) . 7..(-S.P)=-— L.  (E.P).  (1.75) 

Repeating  the  considerations,  given  above  for  an  operator  4.,(S,P) 
and,  in  particular,  paying  attention  tc  the  fact  that  eguation  (1.71) 
it  is  the  indicial  functional  equation  for  a hyperbolic  cosine  (see 
[5,  p.  75]),  and  formulas  (1.67),  (1.70)  - (1.75)  they  coincide  with 

the  formulas  of  hyperbolic  trigonometry,  we  include  that  formula 
(1.67)  determine  the  hyperbolic  operators 

^'c(6.P)V(T)  =chEP5»(ii)  -ii,p(Ti  + y+  f(i)~-|)|, 

I 

(t  P)  f (t|)  - »h  EPf  (n)  - ^ (1.  (n  + B - (n  - S)1 . 


a (1.67),  (1.70)  - (1.75)  they  express  the  usual  relationships: 
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ch  0 =>  I , sh  0 0 . 

ch(-EP)-cha>.  sh(-aJ)  = -shEP. 
ch  (6,  + ti)  P + ch  (5,  - E,)  (J  « 2 ch  E,p  ch  E,5  . 
ch  (E,  ± Ej)  P = ch  E,p  ch  E#  ± sh  E,p  sh  E*p , 
f h (E.  ± 6.)  P = sh  E JJ  ch  E,P  ± ch  E,P  sli  EiP . 
ch*EP  — sh*EP  = 1 . 
sh2EP  = 2shEPchEP 


and  so  forth. 


Page  3 5. 


Literal  so  it  is  possible  to  show  that  the  operators,  introduced 
by  the  for  aulas 

cos  Epv  (n)  - ^ If  (ti  + 0)  + 9 (n — /E)l . 

•‘n  5Pf  (n)  - g If  (t|  + /E)  — f (n  - »E)l . 

they  satisfy  the  functional  relationships  of  usual  trigonoaetr y: 

cos  0 — 1 , sin  0 >■  0 , 
co8( — £P)— cosEP.  sjn(— EP)»« — sinEP. 
cos  (El  ± Et)  P - cos  EiP  cos  EtP  T sin  ItP  si"  ItP . 
sin  (El  ± li)P  =>  sinEiPcosEfP  ± cos EiP sin  Et? 
sin*EP  + cos«EP  - \ , 
tin  2EP  2 Sin  £P  co9  EP  , 


so  forth.  Furthermore,  equate/ccmparing  (1-76)  and  (1.7<»),  we  see 
that 


ch/yi -.cosyj.  sh(5P -isinjp,  j 
CQ6/y)  «chS{l,  3in/SP  .(shSP.  j ' 


, (1-80) 


I 

p j 
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I Page  36. 

Using  (1.76)  - (1.78)  and  (1.80),  it  is  not  difficult  to  obtain 
the  following  formulas  for  the  realization  of  the  oporators,  who 
correspond  to  ♦he  functions  of  Acad./Acadenician.  A.  N.  Krylov  { [25, 
page  38  ])  ; 

* I ..io  ■-’  »> 

+ch(i~/)W»(n)--^Up(»i+(i  + 0W  + 9h~ 

-d  + 0El^■1>h  + (l-06I  + 1'ln-(l-0al• 

^'.  (l.  P)  9 (^  - -j- (c*>  tf  »«n  + sh  C08  tf)  9 (n) - 

- i ((l-0sh(l  4-  OtP  + (I  + 0sA(I-05Pl9(^)r 

-4(>-0{‘Ph  + (l  + nEl-9h“d  + oa)  + 

+(i  + o{«p(»j+(i-oa-<p(n-<»-oai). 
»'.a,P)q'(n)--jsh6P8inUJ9(’T)- 
--j(ch(l+05P-ch(l-0EPlf(»D- 
-|l<P(T)  + (l+0l)  + Th-(l+0H- 

-9h  + (»“0a-vh-d-0«). 

)'4«.P)9(il)-7(ch{p*ln6P- 
— shtfcos5p)9(n)-  — jl(I  +0»h(I  + 

+ OW  + 0~0*h(l-Otfl9(n)- 

■■ — (I + 0 ivh + (* +oa“1P(»l“‘ 

-{^+oal+(^-o^fln+(I-o«- 
-♦C1|-(I-o«l. 
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and  also  to  tke  •ipon«Btial-tr igoaoMtric  op«cators: 

a-«caiaVvM  - Y («[i|  + «ii  + + fh -h  tl) . 

#-•  *1  ■(Jt  W - 5 (f  h + + <»i)  U - f h + W . 

Mhere  ■ and  a - an  j nuabars. 
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One  should  do  another  observation  that  in  the  saae  way  as  in  the 
region  of  real  nuabers  hyperbolic  functions  are  not  periodical,  so 
also  the  exaained  operators  they  are  not  periodic  with  that  sense  of 
the  syabol  p,  which  to  it  is  given. 

Thus  it  is  proved  that  for  the  expcnential  operator  <<*,  the 
hyperbolic  operators  chf^and  sht|)  and  the  trigonoaetr ic  operators  cos 
53  and  sine  53  are  valid  all  those  functional  relationship/ratios, 
that  also  for  the  appropriate  usual  functions  of  5 (whereupon 
independent  of  form  and  character  of  function 

§ 5.  Regular  operators. 


1.  Polynoaial  operators. 


To  function  corresponds  the  operator 

U9)  — + + 


(1.S9 


which  logical  to  naae  polynoaial.  On  the  basis  (1.13)  » p.  5 pa^es  28, 
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(1.24)  and  (1.9)  we  obtain  this  operator's  realization: 

^ (n)  + «if' (*0  + • • . + (*® (» € iNj . (I  M) 

whereupon  a*.  Oi,  . . . A,  they  can  be  constants  or  the  functions  of  any 
variable  (including  ij).  The  domain  of  definition  of  operator  mu  is 
the  set  n once  of  the  differentiated  functions.  The  theory  of  such 
operators  is  thoroughly  developed  in  the  book  [5,  § 38].  Therefore 
here  we  will  note  (without  proof)  only  following 


a)  operator  L.  linear  (see  (1.29)); 


b)  for  La  are  valid  the  usual  suaaation  rules*  subtraction  and 

■ultiplica  tion*  whereupon  the  operators  L,  and  Lm  connutative 

with  any  whole  n*  n ^ 0;  therefore  with  the  operators  can  be  turned 
as  with  usual  polynoaials*  for  exaaple 

L, -a  p*  - 5P  + 6 - LV»L/»  - ^ ^ — 2); 

c)  occurs  the  identity 

ti(p  + A)^(ni-r-*iL(p)|#^(n)).  (1.85) 

where  k is  the  constant  or  not  depending  on  a*)  variable  value; 


d)  if 


for  any 


that 
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and  vice  versa; 

e)  let  r—  be  certain  closed  doaain  in  coeplex  plana  (i  f ^7 
coBplex  variable)  or  certain  closed  interval  on  real  axle/axis  (if  it 
is  real);  if  with  »|€r  •*»// 4^  t hen  the  function  (ba(i]),  deterainel  by 
equality  (1.84),  is  continuous  and  differentiated  in  F. 

PCOTNOTE  *.  However,  all  this  it  is  not  difficult  to  obtain  directly 
cn  the  basis  § 3,  but  for  the  purpose  of  reduction  we  this  not  do. 
ENDFOOTNOTE. 


2.  Deter ninatlon  of  regular  operator. 


a)  let  us  con  pose  fornal  expression  (power  operational  series) 

m 

2«^-o,  + o,P  + «^  + ei^  + ....  (1J8) 

It  deteraines  the  regular  operator  L (P)  » L^{z) 

^ L*-(p)  •m  L9)^  L^Ot)  ' (l.88> 


i 

I 

\ 
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in  that  and  only  that  case,  if  the  series 


converge  to 
variable  z. 
le  a need)  , 


a,  + a,* + «^  + ai**+ ...  (1.90) 

function  L'^(z)  in  an  entire  (final)  plane  coaplex 
In  orler  to  emphasize  operator's  regularity  (if  for  this 
ve  agree  to  above  place  sign  ♦. 


Let  us  introduce  the  designation:  C*»  • - aany  assigned  on  F 

functions  v(n)  such,  that  they  are  infinitely  differentiated, 
vher eupon 

lf«(f|)|<B.i4«,  (nfF).  (1.91) 

vhere  A,  B > 0 - constants. 


FCCTNOTE  *.  See  p.  7,  page  29.  ENDPOOTMOTE. 


b)  let  us  deaonstrate  following  if  power  operational  series 
(1.88)  it  detersines  regular  operator  (1.89),  then  the  function 
series 

+ + + (1.92) 

obtained  as  a result  of  the  forsal  application/use  of  operational 
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secies  (1.88)  to  f unctions  v(T))€«(*^’(*|€r)>  it  converges  and  besides 
absolutely  and  evenly. 


Page  39, 


Actually*  on  the  strength  of 


series  (1.92)  is  majorized 


together 


^0.93) 


but  power  series  (1.90)  it  converges  in  the  entire  plane  z,  a that 
means  according  to  Abel's  first  theorem  [ 40,  page  49],  it  converges 
absolutely  with  ""A  (A  - any).  Therefore  converges  secies  (1.93). 
Then  in  He ierstrass 's  sign/criterion  series  (1.92)  converges 
absolutely  and  evenly  in  closed  domain  F.  (let  us  note  that  the 
condition  (1.91)  can  be  replaced  by  less  rigid).  Let  us  designate  the 


sum  of  this  series  by 

From  p.  2a  ( 1.83),  (1.94)  and  determination  of  summation  of  series. 


it  follows  that 


c)  according  to  the  aeyeretrass  theorem  function  0^(1))  is  evenly 
continuous  in  closed  domain  F.  Horeovec,  it  ia  possible  to  show  that 


0.96) 


Actually,  the  multiplication  of  ccnvecging  series  by  which 
conveniently  number  does  not  change  its  radius  cf  convergence. 


DOC  * 77055303 


PAGE 


73> 


Therefore  the  series 

o,«  + Cil*  + c,** + «•»*  + ••  • 

will  in  an  entire  plane  converge  to  function  zL^(z).  That  means  the 
eipression 

«^  + s,pP  + oJJ»  + aip*  + ...  (i.98) 

detereines  regular  operator  — ►zL't(2). 


^ On  the  basis  p.  2b  the  series 

V'  H + + • • . (9  € •*'*’)  (1-99) 

will  ccnverge  evenly  (and  absolutely)  in  doeain  T.  But  saries  (1.99) 
is  obtained  by  term-by-term  differentiation  of  series  (1.94). 
Consequently  [43,  page  441], 

- ••m <I»,(1))  - (n)  + a,f' (n)+...  (f  € (i.  100) 

After  using  mathematic  induction,  let  us  find  that  with  any  whole  m > 


0 

i.  «.« 


(I.IOI) 


Page  40. 


Now  let  us  estimate  the  module/modulus  of  m-th  derivative,  since 
that  of  (1.101)  and  (1.91)  we  find 


< « I Kl  ^ + f«i  I ^ + 1 «i  I^"^*  + . . .J  - V 
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Eut  representing  whole  function  L (z)  series  (1.90)  converges 
absolutely  in  any  final  part  of  plane  z.  Therefore 

la,|+la,|y4  + |a,lyl*  + ... -C.  (1.103) 

where  C > 0 - certain  constant.  Then,  after  designating  BC  = B,,  from 
(1.102)  we  will  obtain 

(tier).  (1.104) 

that,  according  to  (1.91),  and  proves  affiraation  (1.96). 

d)  /prises  the  question  concerning  regular  operator's 
realization:  that  whether  operator's  value  will  be  function  ®„(n) 

(see  (1.94)),  that  whether 

®(»|)-L+(p)f(»0,  (1.105)" 

where  L^O)  it  is  determined  from  (1.89).  Let  us  demonstrate  that  the 
result  will  be  one  and  the  same. 

Preliminarily  let  us  note  that  from  the  determination  of 
operator  (page  26  and  p.  7 pages  32)  and  of  the  determination  of  zero 
eperater  ( p.  3 pages  28)  it  follows  that 

0-*--^Z.-t(»)-i0.  . (1.105) 

i.e.  tc  zero  operator  corresponds  L^(z)  * 0,  and,  on  the  contrary,  to 
function  L'^(z)  » 0 correspond  L^  - 0. 


(1.107) 


Now  let  us  introduce  the  designation 


DCC  = 77055303 


PACK 


and  subtract  (1.95)  froa  (1.102) 


« — — (1108) 


4+(P)-4^(»-«— ►4+(*)-2  «.*•.  (1-10^ 


"The  last/latter  expression  is  equal  to  zero,  since  L'*'(z)  - this  is 

•• 

suaaation  of  series  £«m*« 


Page  U1. 

L*(fi)  -4^(P)  -.—♦-0. 

Ther«for®  /)  or  (On  the  strength  of  recently  the  done 

observation) 


HeDce  i.e.. 

Um  4,  1 1 )). 

Thus,  in  expression  (1.89)  sign  -o  Bust  be  replaced  by  equal  sign. 
Finally,  froa  (1.100),  (1.  108)  and  (1.12)  follous: 

♦W-®«(n)- ' . (1.112) 

Thus,  If  hnd  fiCFtthen,  taking  into  account  (1.95)  and  (1.96), 


(ft  f aa  (*,  + *1^  + «^  + . . .)  f - «,»  + •if' + OgfT  + 


(l.llft 


i*  e.,  any  regular  operator  can  be  represented  in  two  adequate  foras: 
closed  L'^(8)  and  series  ao  * ♦ &gfi^  ♦.  ... 
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for  exanple: 


+ P*  + -^  P*  + • • • • 

(P)  - shmP  - mP  + P*  + P*  + • • • ' 
L+(P)-ch«iP-l  + ^rP*  + ^P‘  + ---.  ' 
L+(P)  wm  sinmP  >- mP  — gj-  P*  + P*  "■•••• 

L'*‘(p)i>oot/iip » I — — 


(I.IM)- 


All  the 
are  special 
So,  with  ao 
C;  with  do  = 
with  aj  = 1, 
with  a|  f 0, 


exanined  previously  concrete/specific/actual  operators 
cases  of  conaon/general/total  regular  operator  (1.113). 
= aj  = ...  = 0 we  will  obtain  the  zero  operator  L'^(e)  = 
1,  a*  = a^  = ...  = 0 - the  single  operator  L''’(0)  = 1; 
Hq  = Sig  - ...  = 0 - differential  operator  ( 0)  = 0; 

O-v 

. . . . .» 0 - polynomial  operator. 

/I 


Page  42. 

Let  us  note  still  that  conformity  (1.111)  together  with  the 
proofs  conducted  establish/installs  isomorphism  between  many  whole 
complex  variable  functions  z. 


j 
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3.  Properties  of  the  regular  operators.  Differentiation  with  respect 
to  syabol 

a)  on  the  strength  of  the  linearity  of  the  operation  of 
differentiation  any  regular  operator  satisfies  identity  (1.29),  i. 
e. , it  linear.  Moreover 

(n))  - 2 (1.1 15) 

•i*l  tml 

I 

if  in  curly  traces  a series  confronting  converges  evenly  and 
absolutely,  a»i«l  and  fjCT. 

Prom  linearity  L'^(0)  it  follows  that 
Therefore  from  we  consist  that  either  L'^O)  = 0,  or  <p(t))s0. 

b)  As  the  doaain  of  definition  of  regular  operator  « . , as  this 

escape/ensues  froa  p.  2a,  b,  c and  especially  d,  necessary  to  take 
set  wiM)  (page  39),  i.e. , - nM).  Pormulas  (1.96),  (1.112)  and  (1.113) 

show  that  then  and  Q . That  Mans 

• + (1.117) 

i.e.  the  application/use  of  a regular  operator  to  set  does  not 


derive/concl ude  beyond  the  Units  of  this  nultitude. 
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Hence  follows  the  existence  of  the  product  (p.  pages  28)  of 
the  finite  nuober  of  regular  operators  - LtL}...Li. 

c)  let  5P(n) T)€r  and 

Lt  (P)  - au+  a„p  + <1,^  + . . . , Lj'iP)  - + a«p  + 

Oi  (n)  =»  (P)  <P  (n)=<»io<P  (<P)  + + a„q)'  (11)  + ..•.]  j jgj 

0),  (11)  - 1?  (P)  «p  (Ti)  - o^fj)  + Onf '(»))  + 

According  to  p.  6.  there  exists 

- Lf  (p)  {1^  (p)  f (tO)  - («i.  + ««P  + . . .)  X 

X' {O^  + Ottf ' + (1.120) 

or,  taking  into  account  uniform  and  absolute  convergence  of  series  in 
(1-119), 

+ (0|.«11  + «u«*)  ^..<^^,<1.121) 

Page  4 3. 

After  leading  the  same  reasonings  for  a product  in  wo  will 

cbtdin  right  side  (1.21).  Therefore 

...  ' . '>■  . , •■■'jtr-  ‘ ■ , 

(1*1**) 

-v  ' />•' 

Pw««.  two  (but,  and  also,  therefore,  any  finite  nuaber)  regular 
< are  coaautative: 


• ••9 


(1.12S) 
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for  exanple. 


y? 

sin  AP  ■■  rin  ^ + 

^ 31  ^ 31  P -r  • • • 

. s^cosit^ ■=  cosAP-«^  = l4-ffiP  + 

^ 21  31  ^ 

, m*  — 6m*A*  4-  , 

H P*  + • . .. 

e^shkfi  = shAP-«^  + »»AP*  + 

^ *(3g^  p.  ^ +*J^  y + . . .. 

e^chfcp-ch*P-«^-  H-mP  + 

■ «»»+<!*„..  m(/n«4-  3**)  ,,  . 

+ 21  P ■*■  31 

, m«+WA*+**o*  . 

H P*  + . . . . 


PV-*  - - P«_  m0*  + ^ P*  — ^ p»  + . 


(I.I2I) 


page  4 4, 


d)  Unlike  p.  6b,  on  the  basis  (1.123)  and  (1.116)  we  coae  to  the 
conclusion  that  in  order  that  the  product  of  the  regular  opera’rors 
would  become  zero,  it  is  sufficient  if  at  least  one  operator  is  zero 
(about  the  need  for  this  condition  see  p.  a). 

e)  On  the  basis  p.  a and  c and  uniform  and  absolute  convergence 
of  series  in  (1.113)  we  consist  that  series  (1.88),  which  represent 
regular  operators,  can  be  store/added  up,  grouped  and  multiplied  as 
polynomial  operators.  On  the  st-  gth  of  identity  (1.113)  these 
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acti:>ns  will  be  valid,  also,  for  those  closed  expressions  L^O)  , 
which  represent  regular  operators, 

f)  from  p.  c and  e,  and  also  p.  8 page  32,  follows  that  any 
operational  eguality,  which  contains  the  only  regular  operators,  will 
not  be  broken,  if  it  are  multiplied  either  are  shortened  by  the 
tegular  operator  » or  to  both  parts  of  the  equality  are 

adjoined  on  equal  regular  operator. 


FCCTNOTE  ».  During  reduction  it  is  assumed  that  there  is  commutative  (L*)"*- 
ENDPOOTNOTE. 


Pot  example,  if 

+ ^ + • 0-»26> 

that  are  valid  the  conversions 

£.»  -H  Pf,  r« 

mLi’^L^  + fiLt^O  a.nd  so  forth  0«i88) 


Xt  is  clear  that  as  in  usual  algebra,  the  operator,  to  which  is 
conducted  the  reduction,  must  be  different  from  zero. 
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q)  On  the  basis  of  indicated  in  p.  e,  we  shall  conduct  soae 
Bultiplica tions  and  the  additions  of  series  (1.114). 

» I •(-  mP  ■+"••• 

After  aultiplying  a series  yj  to  a series  1 — mP+ ... » 

we  will  obtain  unity.  Therefore 

I.  (1.127) 

Further,  after  aultiplying  a series  tinmPMmP  — itself 

ml 

by  itself,  then  after  squaring  a series  cos mp m i — P*.). . . , and  after  forsing 

the  results,  again  we  will  obtain  unity,  i.e., 

sin'mp  + cos'mp  — 1.  (1.128) 

That  aeans  the  operators  e*"*-* — *.**"•,  sjnmp.4 — ^.sinnu  cosmp.^ — >-cos>»u 

satisfy  thereby  to  functional  relationship/ratios,  as  function  (z) , 

which  correspond  to  these  operators. 

On  the  basis  of  the 

conforaity  (1.111)  and  the  denonstrated  above  properties  of  the 
operators  I'^O)  it  is  possible  to  foraulate  the  sore 

cosBon/general/total  affiraation:  if  integral  functions  Ljtila).  fii)(a) 

satisfy  certain  functional  relationship/ratio,  which  does  not 
dcrive/conclude  beyond  the  liaits  of  aany  integral  functions,  then 
this  sane  relationship/ratio  they  satisfy  regular  operators 

- a*ip<8iPi^i»  jt^. 

FOOTIOTI  s.  Indices  are  undertaked  into  brnckets  in  order  not  to  nix 
tb«M  integral  functions  with  polynonials  /sF  , 2vU  and  the  so  forth 
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cf  degree.  RNDPOOTNOTE. 


h) . Now  let  us  introduce  the  concept  of  "differentiation"  of  L"*" 
O)  with  respect  to  let 

+ a,f  + • (*• 

te  integral  function.  It  determines  the  regular  operator 

+ (1130) 

Eut  L'^(z)  is  infinitely  differentiated.  Therefore 

.^^i2.-a,  + 2<v  + 3a,i*  + ...  (1.131) 

also  it  will  be  integral  function.  As  such,  it  determines  the  regular 
operator 

+ (1.132) 

Thus  we  will  obtain 

and  so  forth. 

Since,  in  the  first  place,  series  in  (1.  132),  (1.  133)  and  so 
forth  can  he  obtained  by  formal  differentiation  of  series  (1.130), 
but  in  the  second  place,  even  on  page  26  it  was  accepted  on  both 
sides  of  the  sign  4..»  fe 
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u/ritre  identical  expceseions  (with  replaceaent  of  z on  6)  , let  us 
agree  instead  o £ UiiP).  l^(p)  and  so  forth  to  write 

- a,  + 20^  + + . . . . 

(I.I34) 

and  to  speak  about  differentiation  (not  liaited)  of  operator  L^(3). 


Page  46. 


With  this  understanding  in  fornulated  in  p.  g affirmation  of  the 
functional  relationship/ratios  of  the  operators  in  the  nuaber  of 
peraissible  actions,  besides  addition  and  lultiplication,  it  is 
possible  to  include/connect  differentiation  with  respect  to  syabol  6. 


For  exaaple. 


(of  this  not  difficult  to  be  convinced  it  differentiated  on  3 in 
(1.114)  a series  for  sine  mp  and  after  comparing  result  with  together 
for  cos  a3) . 

More  that,  it  is  possible  to  indicate  that  the  regular  operator 
1^(3)  satisfies  certain  "different ial**  equation  or  that  it  is  the 
general  solution  of  differential  equation,  implying  by  this,  which  to 
the  corresponding  differential  equation  satisfies  i.'H4 


For  example,  the  operator 


L(p)-4ilnP  + Bc«»p+-y>,  • ? (1.188) 
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(A  and  B - arbitrary  nuabers)  is  "general  solution"  of  the  equation 

+ (1.137) 

i.  e. 

L{t)  — i4sjnf  + Acos«+  — ►ilW 

- this  is  the  general  solution  of  the  equation 

L‘  + L^^.  (1.138) 

This  freedoB  in  terainology  is  very  convenient  in  appendices 
(just  as  designation  «•.  sine  np  and  sc  forth  or  the  expression;  "is 
decoBposed  by  L*(fi)  in  a series  according  to  degrees  9",  "let  us  find 
EuiBation  of  series  P Ho vever , one  should  reaember  that  in 
actuality  even  the  expression  itself  r’’  does  not  have  a sense,  that 
this  the  only  useful  syabol,  but  all  the  mentioned  above  teras  and 
"operations"  only  show,  which  actions  must  he  produced  in  many 
functions  L‘^(z)  in  order  to  obtain  the  function,  which  corresponds  to 
the  necessary  operator,  rightly  to  the  existence  of  this  terainology 
it  is  given  by  det erainat ions  and  proofs  p.  2 cf  present  paragraph. 


I 

I 

I 

j U.  Regular  operator-functions. 

I 

i 

a)  4et  us  consider  now  that  the  coefficients  of  series  (1.90) 
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are  the  functions  of  variable  e,  that  passes  the  interval/gap 

(1-139) 


Page  47. 


Then  regular  operator  and  the  corresponding  to  it  integral  function 
they  will  contain  ? as  the  parameter  *; 


(L  L (I, «)  -f  o,  (0  « *"(11141) 


FCCTNOTE  *.  The  superscript  ♦,  which  stresses  operator's  regularity 
L,  for  reduction  let  us  lower.  ENDFOOTNCTE. 

The  radius  of  convergence  of  a last/latter  series  must  be  equal 

\iK) 

to  - (p.  2a).  Therefore  functions  ^ aust  be  those  which  were 
liaited  with  any  s and  e and  satisfy  condition  [24,  page  63] 

!j£r'K?BT-o.  (1.142) 

If  it  is  iapleaented,  then,  obviously,  all  results  of  point/iteas  2-4 
are  spread  alsc  to  operator-function.  In  particular  (see  (1.113)) 

i-(H)f(^«iR4(l)+«i(D>  + «t(l)>*+r..|f(n)- 

-••(l)f(i|i  + a,(O»'(n)+a,(y<(i0  + ...-i<l»a.*0-  (1.141^ 


Thus,  the  value  of  operator-function  O will  be  the  function  of  two 
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variables.  As  function  -rj  it  will  belon9  with  any  of  (1.139), 

if  only  concerns  behavior  <t>  depending  on  it  it  is 

deterained  by  the  character  of  functions  a,(0. 

First  of  all  let  us  show  that  if  a,({)  are  liaited  and  satisfy 
condition  (1.142),  then  series  (1.143)  it  converges  evenly  relatively 
Actually,  if  are  satisfied  the  conditions  indicated,  then  function 
(1.140)  whole  and  series  (1.143)  converges  evenly  relatively  vj  (p. 
2b)  with  any  C.  That  means  it  is  possible  to  indicate  this  natural 
nuaber  Uq,  which  does  not  depend  on  rj  and  J,  that  with  arbitrary  m 
> 1,  2,  3,  ...  and  n Hq  occurs 

I (6.  n>  - (1.  n)  1 - 1 (1.  P)  f (n)  - (6. » f (n)  |<  e. 

n.i44) 

If  we  here  fix  9(n<*9*Cr)>  then  (1.114)  will  express  the 
necessary  and  sufficient  condition  (Bol*tsano  - Cauchy)  uniform 
relative  to  C the  convergence  of  series  (1.143)  and  of  unifora  in  € 
continuity  function  (l)((.t))  in  interval/gap  (1.139). 

I 

I 

I 

I Page  48. 

b)  lat  us  aaplify  now  the  liaitations,  superimposed  during 
function  a,(t).  Speci  f ically, , let  us  require,  in  crder  to 

I l<(l)l<M-coiirt,\l^jFT«riB]-0.  0<|<1.  (1.145) 

Then  in  the  expression 

i 

i + + <(!)«•  4-... 


f 


0 
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a series  is  absolutely  and  evenly  to  converge  in  any  final  part  of 
plane  z and,  thus,  to  deteroine  vhole  function  by 

alternating/variable  z,  to  which  corresponds  the  regular  operator 

«• » - t ® 

Consequently,  the  series 

+ + (1.148) 

will  be  absolute  and  evenly  (relatively  n)  to  converge.  By  the 
literal  repetition  of  the  given  above  reasonings  it  is  possible  to 
show  that  this  series  converges  evenly  and  relatively  f froi»  (1.139). 

Introducing  now  according  to  confornity  (1.147)  designation  L|  (5,  0) 
and  conparing  series  (1.143)  and  (1.148),  on  the  basis  of  the 
ieyerstrass  theoren  we  consist  that  series  (1.  143)  allow/a ssunes 
tern-by-tern  differentiation  with  respect  to  C and 

^i^f(i|)-f4^;({)  + ai(|)P+«^p«+,..lg(t|)- 
-«;(Bf(9)+a;(Of'(io+«;(o<(n)  + ...-^®JL.  (i.ug) 

After  superin  posing  during  function  «,({)  the  even  nore  rigorous 
conditions : 

I < ^ - comt,  0.  0 < |<  1,  m - 1. 

(1.150) 

let  us  arrive  at 

(B)  - (I) +«r  «)> + + . . . )f  (g) - 

- <jJ-»  (0  V (ID+OJ-I  (6)  g'  (g)  + fli*"*  (6)  9'  (n)  + . . . - , 

(MSI) 

i ; 

I : 

I 

» i 

t i 

) I 
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whereupon  this  series  it  converges  absolutely  and  evenly  (relatively 


C and  i))>  if 


o<i<i.  ncr,  v(ii)€«i^^>. 


(1.152) 


a*  according  to  (1.96),  operator’s  value  belongs  to  set 


Furthermore,  formula  (1.153)  shows  that  if  is  regular 

operator-f  unction. 


Page  49. 

c)  expression  dL  (?,  ^)  /d?  is  similar  dL/dO,  it  was  introduced 
in  p.  b simply  as  symbol  of  operator,  corresponding  to  function 
It  is  possible,  however,  to  show  that  dL/d(,  unlike  dL/d3,  actually 
is  derivative. 

For  this  purpose  let  us  give  variable  € increase  h.  Instead  of 
(1.140)  then  we  will  obtain 


^ fl.(S + m p + 0,  (fH->)P!V- . . (1. 153) 


Since  operational  series  (1.140)  and  (1.153)  converge  absolutely 
(recall  that  this  expression  indicates  absolute  convergence  of  series 
(1.141),  and  also,  therefore,  series  in  (1.143),  it  is  possible  to 
piecemeal  store/add  up  then  (algebraically).  By  deducting  (1.140) 
from  (1.153),  let  us  arrive  at  the  new  regular  operator 


AmL  a.  A - ^ d V Jk.  A - a.  n - £ (t  + A. »)  - «.  (t  P)1  P*. 


(1.164) 
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Hbich  logical  to  name  an  increase  in  the  operator-function. 


Let  us  assume  that  the  functions  of  a ( i.)  satisfy  condition 

s 

(1.145).  Then  according  to  the  law  of  mean  (Lagrange)  it  will  be 

«,a  + A.»-o,(l.P)-K(0.  + (1.155) 

That  means 

A*l,ft,P)-W.,„({',P),  (1.156) 

where  L,„(t',P)  is  given  by  formula  (1.147). 


Hence,  hy  the  way  it  is  apparent  that  operator  function  L (6,  fl) 
is  continuous  in  terms  of  variable  5 (whereupon  is  evenly 
continuous) : 

UinA^(t.P)  - Hm(AL,„(i'.P)J  - O.L,„(J.p)  - 0.  (1.157) 


After  dividing  (1.156)  into  h and  after  passing  to  limit,  let  us 
ascertain  that  ((.P)  - this  really/actually  derivative  of 

operator-function  L (E,  fi)  in  terms  of  E: 


.... 

(1.158) 

Thus  it  is  possible  to  show  that  i in  (l.l'^l)  figures  the  usual 


»-th  derivative 
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If  Oi « const,  i.e.,  L (5,  ^)  = L O)  , then  of  {1.15fi)  we  obtain 

- 0.  (J.J59) 

Therefore  during  differentiation  of  operator-functions  L ( P)  the 
usual  operators  L (P)  play  the  role  of  constants. 

Page  50. 

Let  us  note  that  strictly  the  constants  (nunber)  on  the  strength  of 
deternination  (1.8)  also  are  related  to  L,  for  exaniple,  5 = 5«  1 = 5po 
= L (p). 

On  the  basis  of  deter sination  (1-58)  , it  is  possible  as  in 
rathenatical  analysis,  to  deduce  usual  forwulas  and  the  rules  of 
differentiation. 


As  illustration  let  us  consider 


Here 


(1.161) 


Conditions  (1.150)  are  satisfied.  Therefore 


(6ri^-p(2  + EP)«» 


_V(L±Jli!Zl! 


and  the  so  forth  (1.162) 


d)  as  in  analysis,  can  be  placed  the  question  concerning  the 
deter ainat ion  of  original  operator-function  for  this  regular 
operator-function  L (?,  p)  , i.  e. , concerning  integration  L (6,  p)  : 

0-J63) 

*****  *™* 

The  last/latter  expression  is  the  abbreviated  notation  of  the 

fclloHing  (see  (1.43)}  ^ 

• jL(6.P)dt{f(Ti))- J[£«.(6)P’|dl{f(tl))-  (1.164) 

- 2 [Jfl.(E)</6lP*  l9(n))  - i;  lJa.(ad£]<p<**(TD  - J®(6.H)dE. 

•■itf 

Integral  (1.163)  exists,  since  operator-function  L (C,p)  is 
continuous  on  5 in  interval/gap  [0.1]  (see  (1.157)).  The  legitiaacy 
of  the  exchange  of  signs  £ and  ] in  (1.163)  and  (1.164)  and 
transition  to  integral  of  ^ escape/ensues  froa  the  continuity  of 
functions  and  uniform  relative  to  € convergence  of  series 
(1.143) . 


Pa  ge  51 


X 
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Further  it  is  possible  to  introduce  the  concept  of  definite 
integral,  integral  with  the  alternating/variable  upper  linit,  to 
justify  usual  rules  and  the  fornulas  of  integration.  This  is  nade 
just  as  in  nathematical  analysis  for  Rienann  integrals.  Therefore  let 
us  sinply  consider  that  the  formulas  of  analysis  are  spread  also  to 
integrals  of  L (E,  ^)  Let  us  note  recently  in  the  case  of  indefinite 
integral  instead  of  the  arbitrary  constant  one  should  write  arbitrary 
operator  £,,({)).  In  formula  (1-164)  to  this  fact  corresponds  that  fact 
that  during  the  indefinite  integration  of  function  Q)i((.i|) one  should  add 
arbitrary  function  /irf). 

One  should  also  focus  attention  on  certain  special 
feature/peculiarity  of  indefinite  integral  of  L (^,  0).  If  is 
satisfied  the  condition 

0.  (1.16S) 

that  a series  in  ((1.163)  represents  regular  operator,  i.e.,  under 
condition  (1.165),  by  integrating  the  written  in  the  form  of  a series 
operator-function  L (C,  0),  again  let  us  arrive  at  regular 
cperator-f unction.  However,  integrating  the  closed  expression  i (F, 

0) , with  arbitrary  ve  can  obtain  irregular  operator.  For  example, 

the  operator 


(l-IM) 
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is  regular,  since  function  L (6,  2)  =^sine  6 (1-z))/1-z  whole  (during 
su  ppleaentar  y definition  L (E,  1)  = E)  . By  integrating  it,  let  us 
find 


1,(P) 

■ ith  yj  operator 
= + haa  a 


(E,  P)  will  be  irregular,  since  function 
pole  of  the  second  order  at  point  z = 1. 


Operator,  obtained  as  a result  of  the  indefinite  integration, 
always  it  is  possible  to  aake  regular,  after  selecting  properly 
Sc,  in  (1. 167}  one  should  assune 

i.®— 

Is  sinpler,  however,  to  generally  avoid  siailar  phenoaena. 


Page  52. 

In  order  that  the  integration  would  not  derive/conclude  beyond  liaits 
aany  regular  operator- funct ions,  let  us  agree  tc  apply  only  definite 
integrals  with  constant  or  changing  liwits  (it  is  suggested  to  be 
carried  out  also  condition  (1.165)).  For  eiaaple. 
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i V 


r (“i’ ' I 

(1.169) 

• • k 


Let  us  note  still  that  the  operators,  siailar  that  which  stand 
in  the  right  sides  of  equalities  (1»166)  and  (1.169),  thus  far  we 
consider  as  one-piece/entire  synbols.  Below  (p.  6 pages  108)  it  will 
becone  clear,  that  with  their  defined  stipulations  it  is  possible  to 
consider  and  as  fractions. 


e)  because  of  the  fact  that  are  dcternined  the  actions  of 
differentiation  and  integration,  appears  possibility  to  exaaine, 
differential  equations  for  operator- funct ions.  The  methods  of  the 
integration  of  these  equations  and  their  substantiation  will  be  in 
essence  the  sane  as  for  usual  differential  equations.  For  example, 
the  integral  of  the  equation 

(1.170 

under  condition  L (0,  p)  = 0 will  be 

A.T><i 

^ the  integral  of  the  equation 

d*L  * 

■j^  + L^O  (1.172) 


( 

i 


1 
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under  the  conditions  L (0)  = sh  ^ and  L*  (0)  = ch  p will  be 

^.a.P)->h(E  + p).  (1.173) 

Consequently,  in  order  that  the  solution  to  equation  would  be 
the  operator-function,  but  not  siaply  function,  into  equation  (first 
exawple)  or  under  supplementary  conditions  (second  example)  as  the 
parameter  must  enter  the  symbol 

The  solution  to  differential  equation  can  render/show  irregular 
operator.  It  is  difficult  to  indicate  the  conditions,  necessary  and 
sufficient  in  order  that  the  solution  would  be  regular. 

Page  5 3. 

So,  the  equation 

has  regular  coefficients  and  right  side;  hcwewer,  its  general 
solution  is  represented  by  the  operator 


However  there  is  no  need  under  such  conditions  since  in  the  future 
will  be  examined  the  irregular  operators. 
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f)  in  conclusion  let  us  do  several  observations. 


1-  Speaking  about  operator-function  L (5»  f)  » we  we  consider  it 
possible  to  call  it  also  either  simply  operator  or  simply  by  function 
(in  the  same  way  as  this  is  made  in  the  relation  to  vector  function). 


2.  with  any  fixed/recorded  E = €o  !•  (5o»  P)  it  is  converted  into 
the  usual  regular  operator  whose  properties  were  described  and 
substantiated  in  p.  2 and  of  3 present  paragraphs.  On  the  strength  of 
uniform  continuity  L (€*  P)  and  uniform  (relatively  ?)  convergence  of 

series  (1.143)  all  these  properties  are  spread  also  to  the  regular 

operator-functions  L (E»  f ) . The  number  of  permissible  actions 

includes  the  differentiation  with  respect  to  symbol  8 (p.  3)  . Let  us 
agree  this  action  to  designate  by  the  symbol  of  particular 
differentiation.  So  that,  for  example, 

(1.176) 

Per  differentiation  with  respect  to  variable  E let  us  apply  both 
designation  of  Leibnitz  and  Lagrange's  simpler  designation  (that  also 
is  done  in  (1. 176) ) . 


3.  All  reasonings  were  carried  out  for  (€(0.11.  since  precisely 
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this  interval/gap  will  te  required  by  us  subsequently.  It  is  not 
difficult  to  see,  however,  that  all  results  can  be  generalized,  also, 
to  wider  intervals,  for  exaaple  (0,  •) . Actually  this  it  is  necessary 
to  take  into  account  only  under  conditions  of  fora  (1.150). 

h.  On  the  basis  of  observations  p.  2 and  3g,  let  us  find 

±2ji)  ■■8ingP>cos2n  co5(P*sin2n  « sinEP, 
cos (gp  ± 2rt)  cos EP  • cos  2n  T sin  EP  • sin  2n -■  cos 

sin  ^ ^ — Epj  “ sin  -^cosEP  — cosy-singP  — cosgP.  (U177) 

sin(n  — EP)  sinn>COTEP  — cosn>sinEP  —singp. 

- iliH*(E+P)i:2«l-*in*(E  + P) 

and  so  forth.  This  seans  that  for  the  trlgonoaetric  operators  are 
valid  the  "fornula  of  bringing",  and  sase  these  operators  have  the 
"period"  of  2». 
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§6.  Realization  of  the  regular  operators. 

In  the  inplenentat ion  (determinaticn  of  values)  of  the  regular 
operators  or  operator- funct ions  can  be  net  the  different  questions: 
necessary  to  realize  the  assigned  in  the  fora  of  a series  operator  to 
that  which  was  assigned  in  the  fora  of  a series  function;  necessary 
to  realize  arbitrary  operator  for  the  assigned  function  or,  on  the 
contrary,  the  assigned  operator  for  arbitrary  function;  is  known 
cperator's  value  L (f , , it  is  required  to  find  value  L*  (f , p)  and 

sc  forth. 

All  these  questions  will  be  solved,  on  the  basis  of  formulas  and 
the  properties,  found  in  §5.  Let  us  assume  those  which  were  carried 
cut  conditions  (1.152).  Then  all  the  being  encountered  series  will 
converge  absolutely  and  evenly,  but  therefore  the  application/use  of 
formulas  and  properties  §5  will  be  that  which  was  substantiated.  As  a 
rule,  in  text  we  will  not  this  specify. 


I 
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vhereupon 


PAGE  Jt. 


^.(l.P)<P(il)-i'^(E.P)9(t|)-<I>C.il).  (1.178) 


i(E.P)-ai(l)  + a.(5)P  + «»(0P*  + ...“£  (1.179) 


9(’i)  *=  <^0  + + • • • = 2 c-in".  (1. 180) 


<i>ft.t))-^(D  + ^i(6)»i+^(»»i*  + -.--2^(l)n'..  (1.181) 


Cutside  (1.179)  - (1,181)  in  (1.178),  we  will  obtain 


<*»(l.n)  - 2 2 - 2 ^»1*. 


(1.182) 


where 


i4«  • a,e^  + a,c,  + 21a,C|  + SlOift  + 4I«,C4  + . . . . 

Ax  — 0^1  + 2la,c,  + SUV,  + 4ta,c«  + Sla^c,  + . . . , 

-J:  (2Ui,c,  + 31<i,c,  + 4!a,C4  + 5la,c»  + 6l04C«  + . . • . (1-183) 


- (SlfluC,  H-  41fl|C4  5104(4  + 6104(4  "I"  7I04(»4-.  . . I 


1 
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X«  €•  ^ 

ao 

A,~j^^(s  + p)\  p- 0.1.2 (1.184) 

4--srO 

Page  55. 

The  obtained  foraulas  aake  it  possible  to  obtain  the  value  of 
the  assigned  in  the  fora  series  according  to  degrees  8 (or  decomposed 
in  this  series)  the  regular  operator  above  the  assigned  in  the  fora 
of  a series  according  to  degrees  (or  decoaposed  in  this  series) 
functioo  f(n)-  Operator’s  value  also  is  obtained  in  the  fora  of  a 
Series,  its  coefficients  can  be  calculated,  generally  speaking, 
approxiaatel y,  although  to  any  degree  of  accuracy.  In  special  cases 
series  (1.183)  and  (1.8i)  can  be  convolute  or  they  generally  are 
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troken.  Then  is  obtained  in  the  closed  form.  Let  us  consider 

examples. 


a)  Let 


«r^0 

oo 


(1.185) 


Here 


According  to  (1.183) 
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. 2IE*  4IE* 

^-l--2r+-^j;.2r---“l-0.«25S*  + 

«♦- 0.00586S*  — 0,000 136S* +... , 

._J_(2L 4t|*_  1 

’ 2lj2»  (2I)*2® 

= 0,25  — 0,04695*  + 0.002445*  — . . . . 

^ 1 

* 4!  I (2!)*2*  (3!)*'2»  'f'  * • - j “ 

= 0,0156  — 0,^03265*  + ..., 

= 0, 


(1.187) 


dik/ 

yf  therefore 

J, (6. P) /.(n>  - » - 0. 1255*  + ...  + (0.25  - 0.04695*  + ...)*!*  + 

+ (0.0156  — 0.003265*  + ... >11*+ <1188' 


b)  let  1 (6. P)  = 1'*’ (5. P)  ~ arbitrary  operator,  and 


9(5) 


,3  m" 


umO 


nl 


m" 

lA’' 


(1.189) 


nhere 
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m - any  complex  number.  From  (1.184) 


oo 

1 


, , ,,  m*^'> 

(s  + p)\  a,  -- 


m”  \^ 

(.+,!  --jr 

(1.190) 


Further,  from  (1.81) 


<I>(S.  5)  = 


CO 

P» 


0 

(M9I) 


Consequently, 


|^(E.  P)^""'  = /.(S. /w)^"^j  (■  - any).  (1.192) 

Here  L (€,  m)  - this  is  the  already  usual  function,  obtained  from  L 
(8,  2)  with  2 = m.  Let  us  note  incidentally  that  the  used  here  method 
cf  obtaininq  this  very  important  formula  is  not  better/best. 

The  described  method  of  realization,  obviously,  is  completely 
universal  (within  the  framework  of  the  regular  operators  and  q(t))€<i»‘*'). 
but  in  a number  of  cases  it  is  excessively  bulky. 
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2.  Realization  above  poly no»ia Is,  hyperbolic  and  triqonosetric 
furcticns. 


When  the  known  closed  expression  fcr  < (»j)  and  this  expression 
sufficiently  sisple,  it  is  expedient  tc  use  directly  fornula  (1.143), 


i.e.  , 


L (I.  P)  «P  (n)  = it  P)  9 (n)  “ a.  il)  9'*’  (n)  = <!> (t.  n)-  (»•  >93) 


Let  us  consider  concrete/specif ic/ act ual  exanples. 


a)  Let 


9(n)'“T".  - is  natural  nunber. 


(1.194) 


Ihen 


(1.195) 
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r 


n ^ 

i.  (1.  P)  l»r ) = «!  5]  ^ [«n  (a  + «,_,  (S)  ti  + (i)  J + 

p-O 

+ ...  + a,a)i!ll.  (i.l96) 

nl 

Page  57. 

So  that,  for  example, 

L (S.  P)  { 1 - 6n  4-  3ti*J  = a,  (S)  - 6 (a.  a)  + («  nl  1- 

+ 6 1 0,(5)  + o,  (5) TH-  -i  0,(5)  n*  I . (1. 197) 


b)  Ijet  (we  repeat  the  example  b p.  1) 

V(ti)  = e'^.  (>>98) 

Ihen 

«•  «» 

/.(E.  P)«*^  * 2 o.  (y/nV"”  - «)«'  - (E. «).  (»• 

f«4> 

mhich  coincides  with  (1.192). 


c)  Function  ♦ (1)  is  assigned/prescribed  in  the  form  absolutely 
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r 

aad  eTcnly  («itht]€r)of  the  converginq  secies 

4'  (*1)  - c/  ( 1 .200> 

i««-4 

According  to  (1.192)  tie  obtain 

a.  n)  - i.  (t.  P)  tp  (n)  - i ft.  P)  £ c,  e-."  - £ c,L  ft.  m,)e" 

*•-0 

(1.201) 

The  convergence  of  a last/latter  series  depends  on  the  fori  of  the 
target/pur  poses  of  function  L (C,  z)  and  aust  be  specially 
in vestigat  ed. 

d)  Let  us  consider  action  L (E,  0)  above  hyperbolic  functions. 
^ Taking  into  account  (1.192),  we  find 

(#""*  u ,~""t  1 1 

-y — j - -2 1/.  ft.  + 

+ L(5.-m)e-^,  (1.202) 

cr 

^ ®’  W ch«*l  - y (I  ft.  /«)  + Z.  ({.  — ai)j  ch  imi  + {Z.ft.m)  — 

— ift.  — m)lshffni  (1.203) 

and,  analogously. 


r 
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L (S.  w sh  mn  - ^ II  (5.  m)  + L (5.  — mil  sh  mti  + -J  IKI.  m>  — 

— L(l,—m)\c\\mr].  (1.204) 


Fa9e  56. 


Hence,  in  particular:  if  operator  L (6,  p)  even  relatively  0,  then 


I (6,  P)  «n  =.  I (5.  m)  ^ mth 


(1.205) 


if  operator  L (E,  0)  odd  relatively  0,  then 


I (5.  P)  mn  — I (1.  m)  mn. 


(1.206) 


By  substituting  in  (1.203)  and  (1.204)  m on  ia,  let  us  arrive  at 


I(&P)CQ6mi|-  -*  II(S. M + — *n)Ja»mn+- 

+ (I  (I,  im)  — HI,  — im)l  sin  mr\. 

Z I 

I (1.  P)  sin  mr\  = — (I  (J.  Im)  + L (I,  — (m))  sin  mij  — 

— ^ |I  ({.  toi)  — I ft.  — <«)J  «•  mn- 


(1.207) 
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Hence,  in  particular:  if  operator  L (6,  P)  even  relatively  0, 


then 


^ mn  - i ft.  tm)  ^ mn. 


(1.208) 


if  operator  L (€»  0)  odd  relatively  0,  then 


L ft.  P)  ^ «»l  - ± <1  ft.  tm)  ^ m»|. 


(1.209) 


So  that,  for  exanple. 


P* slop  (sin /ni|}  — —m*shcosmt|.  (1<2I0) 


3.  Application/use  of  the  operators  to  the  product  of  functions 


I 
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a)  Ijet  us  use  (1.193)  to  function  # (-ii)  = u {r^)  ▼ (ij) 

^(5.P)("(n)»(n))  - f O-*!!) 

and  introduce  in  operator  p indices  u and  v,  which  indicate,  to  which 
function  is  spread  its  acticn. 


Page  59, 


Thus,  for  instance. 


(J,  a (ti)  - Mn)  (n).  P,p  (11) — (n)  - 1>'  (n).  | 
u (n)  ■=  (g).  P;,t>  (n)  >=  «<•'  (ri). 

Pj  Iwvl  «<*’  (n)  V (g).  PiP*  (iwl  >=>  «</>  (g)  {/•>  (g), 
P>o(g)  *1^  P*u(g)  do  not  haw*  sens*. 


(1.212) 


Then 


p*  (im)  - (p.  + P,)*  !w)  - j C^«(g)  Pr'c(g)  - 


t C',«"’(g)t;‘*“'’  (g) 


(1.213) 
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and 


•-0  I /-• 

= OoW  + Oi  («'»  + “»')  + Of  (a'a  + 2«V  + «p')  H . (1.214) 


b)  Let,  for  exanple. 


f(T))  — n"«^,  w^iC,  v—^. 


(1.215) 


nhetf*  n is  natural  nunber.  Froa  (1.214)  we  will  obtain 


L(t»lii-0-2  a. 


t Cin(n-iy  -(fl^l+  - 

J 


*"”£  Ci  hj  o..s(s-I)...(5-/+  l)/n-'  n" 


- jci  ^ 

/— u 

+ (I.2I6) 
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Thus, 


Page  60. 


L (5.  P)  ^ ft.  m). 


(1217) 


By  substituting  here  ■ - on  - n and  by  deducting  result  fron 
11.217),  let  us  find 


P 

{ 
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I nCh  ) i ch 

.'n  . mn\  = . 


1 (E.  - -»))+  4 ("I  + to- 1"'-  «■  ">  -("  <5-  - "■> 


'■(E.P)|n.>in 

4- 


(1.218) 


In  particular  with  n = 1 let  us  have 


^-(l.P)  = ^^"»n  |^I^(6.'n)  + Z.(t  — m)l  + 

+ il’ m)  — Z.  (|.  — m) l|  4 mn  jTi[Z,  (g.  m)  — HI,  — m)J  + 
+ ^(/.(5,/n)  + L(E.-m)lj.  (1.219) 


uhence  with  the  even  relatively  p operator 


i’^sh + (1.220) 


an<J 

^ with  the  odd  relatively  p operator 


i(S.P) 


ch 


’’sii  ^ '")n  ^ «n  + (1.221) 


So  that,  for  exanple. 


CO*  Pinch  mu)  — cosm.nchmn  — sinm-shmn.  (1.222) 


i 
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After  replacing  in  (1.219)  - (1.221)  b on  in  (as  this  was  done 


in  p.  2d),  let  us  find  analogous  expressions  for  «p(ii)  = 

sin 


4.  Operator  L (€,  ^ ♦ k)  . 


a)  let  us  assuae  in  (1.214)  and  (k  - any),  v = « (tj) 

Ihis  will  give 

^ «.  P)  % (n)}  = f (5)  I 2 <p  (TO 

»-0  Lz-O 

(1  *223) 


^ • Cm  0 


L (E.  (tl)l  - «*'/.  (E.  P + *)(9  (n))-  -224) 


Page  61. 
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i 

Hence 

k (1.  P -f  *)  y (6.  (t)T-|  (1.225) 

Mhich,  actually*  coincides  with  foraula  (1,85)  for  the  polynonial 
operators. 

The  obtained  formula  aakes  it  possible  to  find  operator's  value 
L ((•  ^ > A)  * if  is  kncwn  operator's  value  L (€*  0). 

b)  Let  us  assune  v(ti)  ^ Then*  taking  into  account  (1.192)*  fron 

r 

(1.225)  we  find 

1.  ft.  P + h)*"'  - ft-  P)  - 

- ft.  m + - Lft.m  + k)e-^.  d 226) 


c)  4fter  assuning  in  (1.225)  v(5)'~1*  *nd  after  taking  into 
consideration  (1.217)*  we  will  obtain 


t ft.  P + *)  I Vl  - « (L  P)  InV" ) - 

+ ^f^ft.*).  (1227) 


whence*  in  particular*  with  n > 1: 

P + *){n>  - I/-  (1.  *)  + - . (I  228) 
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amci 

^ with  ri  = 0 


(1.229) 


Operator  dLi!^,^)/dp 


Let  us  assume  in  (1.214)  and  u (i^)  = >)  , v (i^)  = 0 (rj) 


2 CJn'V  '<P(ti) 


/=<) 


i(6'P)('i<p(n))  = £ o.(E)j 

SbO 
00 

= £ <'o(S)((^nP’<p(n)  + c'p'~'<f/(n)l  = l'  ‘^o(5)(nP'<r{n)+sP*~'Tfn)I= 

Sa^O 

00  eo 

“ »!  £ a»{i)  p'v  (n)  + £ a,  (6)  (tlPXti)  + S?  q>  (ti)).  ( 1 .230) 


or,  taking  into  account  (1.134), 


L (I,  p)  iw (n)l  - V. (5.  P) «p (n)  + I, (i,)),  (1.231) 


whence 


{f  (Vi)  - ft.  P)  Iw  <n))  - n/.  ft.  P)  If  (n)>. 


(1.232) 


aiim  iiN 


Th  en 
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This  fornuld  makes  it  possible  to  find  operator’s  value  — 

Op 

if  is  known  operator’s  value  L (€,  ^)  . 


By  examining  1- (|. P)  (T|''<p(ii)^  or  by  applying  repeatedly  several  times 
(1.232),  let  us  arrive  at  the  following  focnulas: 


+ P){(p(Ti)l.  (1,233) 

<P  (TOl  = L (I,  P)  {T)*<P  (Tl)l  - 3riZ.  (I  P)  Iti’q;  (T,)}  + 

+ 3ti*L  a.  P)  iTig  (TO)  - ti*L  (I.  p)  19  (n)) 


and  so  forth. 


6.  Exponential,  hyperbolic  and  tr  igononetric  operators. 


Let  us  consider  now  the  concrete/specific/actual  operator 


(1.234) 
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Hhere  k - any  real  or  coroplpx  number.  Here 


a = M a'"*  E^yil 

' si  ’ * (s—m)l  ’ 


(1.235) 


aUcI 

.g  which  means,  are  satisfied  conditions  (1.150)  (with  |/fe|</?<oo). 
A 

Therefore 


/.  e 


q>  (n)  ” 9 (*i  + *1)  (£• 


(1.236) 


whereupon  Oew''*’.  if  only  are  iiplemented  and  condition  (1.1S2) 


Substituting  here  k on  - k,  we  find 


(1.237) 


Page  6 3. 

Finally,  after  replacing  here  k by  ik,  we  will  obtain 

iin*tp<j.(n)  - + — - im {»^(TH-i7ty)  = <b(E.n). 

2> 

cosAEP(p(Ti)  — <p(*i  + ^*S)-f  y(n— .ffep  Re  {<p(g+»vt*))  = <b(E.Ti). 
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It  is  not  difficult  to  see  that  under  condition  (1.1S2)  for  all 
foriulas  (1.237)  - (1.  238)  will  be  (Dew'"*'- 

The  obtained  formulas  are  completely  analogous  to  formulas 
(1.64),  (1.76)  and  (1.78),  which  were  found  at  considerably  more 

ccmmon/gener al/tot al  assumptions  relative  to  function  ♦ ( ).  In 
exactly  the  same  manner  it  is  possible  to  find  the  realization  of  the 
giperbolo-tr igonometric  operators,  who  correspond  to  the  functions  of 
acad.  A.  N.  Krylov 

V\  (A.  P)  =“  ch  A5P cos (’!)■'  -j- IV 1^  + (1  + 0 *11  + V 1*1  ~ 

-d  + 0*11  + Vh  + (»  -0*1]  + «Ph  -(» -0*^)  (•  239, 

and  of  so  forth  (see  (1.8.1)). 


I 
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7.  Exaaples  of  realization. 


Let  us  give  several  examples,  which  illustrate  the 
application/use  of  the  obtained  in  the  present  paragraph 
coiBon/general/total  formulas. 

a)  Utilizing  permutability  of  the  regular  operators  (page  44) 
and  of  formulas  (1.237),  (1.238),  we  find 

P'  sin  «(P<p  (n)  - sin  *5P . P"f  (fi)  - Ini{V"*  (n  + «)}, 

P"  cos  Ar|P(p  (t|)  = cos  • P"<p  (n)  = Re  I <p‘'"(Ti  + ik) }, 

(1.240) 


b)  from  (1.205)  and  (1.206),  (1.208)  and  (1.209),  (1.  237)  and 


(1.238)  let  us  have 


{cos  I [ — sin  • sin  mT|, 

(cot  f ( — thA^'tinmi) 


(1.241). 
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and  so  forth. 


Page  64. 

c)  fvon  (1.238)  we  find 


sinAgp.ll  =.  Im(l|  =0.  co8A5P{l)  - Re  {1} 1 
sin  (T)!  =z  im  (t)  + iftgl  = kl, 

cos*|P  IT))  = Re  {tj  + ikl]  = ti. 
sin  !t|*i  = Im  ((ti  + i*6)*)  “ 2*Eii 


and  generally  with  n natural 


(1.242) 
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»n4SP|n'l  ^'jr— ^nv-'  + 

H— 2_ 

^ (—  1)  * *Acvi  n = 2s, 

n— 1 

(-  1)  * (kl)’'  u,..*«n  = 2s  + l, 

cos  klfi  {Ti'’  1 .-=  ti"  - V“*  + 

^ j^iMn-2)(^ - • • . + 

n 

(-  «A*«n  = 2s. 

n— I 

(-1)  * («r'T)  ta*„/»-2s+i. 


(1.243) 


d)  By  using  the  property  of  operator-functions,  expressed  by 
foraula  (1.164),  let  us  integrate  over  C the  second  of  equalities 
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n.237) 


(1.245) 


Page  65. 


let  us  replace  k for  ik 


(1.246) 


I 
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e)  By  using  ( 1.245)  and  (1.225),  let  us  find 


Aml(p  + k) 


shm^  , m^chmEA  — shmSJk  . . \ . . 

-*-+ *i P + '-jiKn)- 


1 1 ,«-» 


(J.247) 


Ihen 


8in/n6(p  + ifc)  1 (• 

P+*  27  J ^ 


f(0dC.  (1.248) 


let  us  note  that  here  ■ and  k - any. 


£)  let  us  assuie  in  (1.232)  .Taking  into  account  (1.245) 

P 

this  it  will  give 
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Hhence 


shASP 


AEpchASP  — shAgp  shASP,  , ,, 

V (Ti)  ™ -p’s:  {i)4p  (>)))  _ 

n+*i  i+*i 

t»(;)dc--2Tj  f (i-249) 


A^PchASP  — thAtf 
T-pi 


»(n)  - (|-*n*p  - lA»fp*  + . . . ) <p(t,)  - 

»H-n 

-y  r (C-n)f(Orft-  (A-flioOoe)  (1.250) 


Page  66. 


8.  the  equations,  by  which  satisfy  the  values  of  the  operators. 


operator's  value  <i»  - this  is  function  of  one  is  tlHg)  - either 
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twc  -ilHI.ii)-  variables,  according  to  that,  will  fce  L operator  L (P)  or 
operator-function  L (C,  P)  . In  certain  cases  (this  depends  on  fore  L) 
it  is  possible  without  the  special  work  to  establish/install,  which 
differential  equation  satisfies  function  regardless  of 

the  fact,  above  which  function  <pe<ii<A)  will  act  operator  L.  Let  us 
gi^e  exawpleE. 

a)  Let 

f.«p  — sin  = <!>(£,  ti).  (1.251) 

Twice  we  differentiate  (in  sense  (1,151))  this  identity  with 
respect  to  P; 

(1-252) 


and  then  twice  on  t)  : 


p*Z.<p  - |S*  sin  ^ 


(1.253) 


After  BUltiplying  the  latter  on  k*  and  after  forsing  with  (1.252),  we 
will  obtain 


dHD 

W 


+ k* 


0. 


(1.254) 


b)  Let 


Lf-w^f-0(t.tl).  (1.255) 


4 

j 
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It  differentiated  this  identity  on  and  then  twice  on  and  after 
subtracting  results,  let  us  find 


dO  dHb 

W~W 


0. 


(1.256) 


§7.  Singular  operators. 

In  the  subsequent  chapters  for  us  it  is  necessary  to  deal  in 
essence  with  the  regular  operators.  Therefore  and  in  the  present 
chapter  to  the  singular  operators  is  given  considerably  less 
attention  than  regular. 

1.  Determination  of  the  singular  and  mixed  operator. 


» 

a)  Operator  L O)  let  us  call  singular,  if  the  expansion  in  a { 

I 

secies  of  function  Z,(z)-4 — 


> 


I 


in  the  vicinity  of  the  infinitely  receded  point  contains  the 
cnly  negative  degrees  of  z: 


--^+ 


A 


(1.267) 
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If  necessary  to  eaphasize  operator’s  singularity  L (3)  let  us  him 
designate  L^O),  The  general  view  of  singular  operator  it  will  be 

m 

L{z)<-^Lifi)~  ^ + ^ + 

If  the  coefficients  a,  ace  the  functions  of  variable  (€(0.1].  then 

L ft.  *)  — *►  L ft.p)-l;  a_.  ft) p-  (1.259) 

•mbI 

it  is  called  singular  operator-function. 

By  applying  L **  O)  either  L~  (E»  P)  to  9(i))(€«*t.-.  we  will  obtain 
singular  operator’s  value 

L-(Pi  If  (n))  - f fl_(P”‘|f(’DI)  - f 260) 

mrni  •»! 

cr 

^.■ft.p)lf  (n))  - 2 «_ft)(P"*  If  (n)))-  f a_ft)P'*f  - ♦ft.n). 

•-I  *>1 

(1.261) 

1 


I 
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The  existence  donain  of  operator  wt-  is  deterained  from  the  condition 
cf  the  convergence  of  the  entering  in  (1.260)  and  (1.261)  series. 

If  the  Loran  expansion  **  Hfi) 


in  the  vicinity  of  the  infinitely  receded  point  takes  the  fora 

L(p)^-v/.(x)^  f a/.  (1  262) 


where  at  least  one  a,.  a>0,  excellently  froa  zero,  then  the  operator 

(1.263) 

IM— OO 

let  us  naae  that  which  was  aixed. 

b)  the  introduced  operators  cannot  have  a sense,  while  not  the 
rating  value  of  syabol  ^ P"*-  In  operational  calculus  it  is  accepted 

differential  operator  to  deteraine  not  according  to  (1.2)  and  (1.24), 
but  according  to  the  foraulas 

+ v‘-”(0)  + »'•"** (0)P  + • • • + 9(0)P^' 

(«-  1.2.3,...).  (1.264) 
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Page  68. 

Inverse  operators  (integral  operators) 

v 

^,,  = p-V  = 

0 

’I 

^,q,  = p-.,p= -J  .j- j’(T,-Cr''P®dC  (s=  1.2,3....)  (1.265) 


are  obtained  interchangeable  with  the  operators  P^n=s).  This  fact 
turns  out  to  be  very  valuable  during  the  practical  application/use  of 
operational  calculus,  which  deals  alaost  exclusively  with  the 
singular  (according  to  the  taken  here  tersinology)  operators. 
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Ve,  however,  forewent  definitions  (1.264),  since  they  extremely 
complicate  the  realization  of  the  regular  operators,  with  whom,  as 
already  mentioned,  in  essence  it  is  necessary  tc  be  encountered 
subsequently,  and  they  stopped  at  determinations  (1.2)  and  (1.24).  As 
concerns  the  operators  let  us  take  for  them  as  in  operational 

calculus,  determination  (1.265).  In  this  case  let  us  consi<fer  that 
- the  real  cr  complex  variable,  which  passes  is  certain  finite  domain  F 
(page  39),  at  least,  for  example,  (1.1).  But  then  integral'  operators 
cf  differentiation  and  become  nonccmmutati ve: 

p p 

For  example, 

P*-  p q»  (n)  = qi'  (»!)•  (1 .267) 

avic/ 


tt)  rft  = (»1)  - 9'(0)  - (0)  n 


(1.268) 


Ihis,  it  is  logical,  it  requires  precaution  and  attention  in 
inversion  with  the  combinations  of  the  cegilar  and  singular 
cpecators.  The  noted  inconvenience  do  not  cause,  in  our  opinion. 
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great  difficulties  (as,  for  example,  and  the  noncommutat iv it y of 
matrix/dies  does  not  impede  their  wide  propagation) . 

Page  69- 

Eut  if  in  inversion  are  located  the  only  singular  operators,  then 
generally  similar  difficulties  do  not  appear,  since  of  (1.  265)  easily 
is  perceived  the  interchangeability  of  integral  operators: 

i-i  =“  P"*  **""  - i i 

P P P P 

It  follows  from  there  that 

P*'  i = P‘  P""  « (s  > n > 0),  (1.270) 

that  means  in  particular 

(j*.  l = (J‘.p-*=  1.  (1.271) 

P 

X • 6 • ^ 

p*=:(p-r'  (1.272) 

- the  differential  operator  is  reverse/inverse  with  respect  to 
integral  operator.  Differential  operator  during  determinations  (1.2), 
(1.24)  and  (1.265)  does  not  have  inverse  operator.  It  is  possible  to 
demonstrate  the  more  common/general/total  affirmation:  it  is  not 
possible  to  construct  the  operators,  reverse/inverse  for  (1.2)  and 
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(1.24)  . 


and 


True,  it 

after 

P 


is  possible  tc  attain  partial  interchangeability 
introducing  the  determination 


P' 


5^j'(n-0-‘»(0JC  + 


(1.273) 


In  this  case  = P'-P~*  — I,  but  will  be  preserved  as  before 

inequality  ( 1.  266)  with  n =9^  s. 


c)  on  the  basis  of  (1.  260)  and  (1.265),  we  obtain 


QO  OO  T| 

i~(P)<p(n)  - 0*-V(;)d;-O(t,) 


(1.274) 


cr,  on  the  strength  of  the  interchangeability  of  fold. 


L-(P) , (n)  - “ 2 1?^  J - 0 - m- 

*•1  (-1  6 


(1.275) 


Analogous  expressions  are  obtained  from  (1.261)  for  operator-function 

P). 
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Let  us  explain  the  conditions,  sufficient  in  order  that  entering 
in  (1.274)  (but,  and  also,  therefore,  (1.  275))  a series  would 
converge  absolutely  and  evenly. 

According  to  Weierstrass's  sign/criterion,  if 

<~i,  o>l.  (1.2781 

that  series  (1.274)  converges  absolutely  and  evenly,  since  converges 
a series 

Let  us  designate  by  R distance  from  point  z = 0 to  the  Bost  receded 
frcB  the  origin  of  coordinates  singular  point  of  function  L (z) 
(according  to  (1.257)  all  the  singular  points  of  this  function  they 
lie/rest  on  the  final  distance),  also,  through  N BaxiBunlL  (z)|  on 
circus ference  |z^  = p > R.  Then,  applying  the  estinations  of  the 
Bodule/Boduli  of  integral  and  coefficiects  of  Laurent  series,  and 
also  the  asyaptotic  representation  of  factorial,  we  obtain 

*.  <1.277) 

FroB  (1.27  6)  «•  have 

»-  y > _ , 

maxlf(n)|<|/  4»(«**r^"°[('5rfcj)  Y 

(1.278) 
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This  be  the  unknown  sufficient  condition.  All  the  functions 
integrated  (in  the  sense  of  (Uenann  or  Lebesgue)  in  donain  P (page 
39)  and  satisfying  condition  (1.278),  fora  set 


Assuming  now  that  oe  can  interchange  the  position  signs  ^ 

and  ^ in  (1.274),  (1.275)  and  similar  to  them  to  formulas  for  L- 
(€,  P)  . As  a result  we  will  obtain  the  following  representation  of 
the  singular  operators  and  operator- fu net  ions  in  the  form  of  the 


series : 


^ «»  ^ I 

L"(P)9  - " J 

«— I 6 _»5i 

i"  (I  P)  - = f <P«)2  ■— dt- 

i t-«  . • (..I 


(1.278) 


and  similar  expressions,  which  are  obtained  from  (1.275), 


Page  71. 


Por  the  mixed  operators  in  accordance  with  ( 1.263),  ( 1.113), 
(1.143)  aad  (1.279)  let  as  haws 


y «,p*f  * Vs*f**(^  + 


(1.280) 
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and  the  same  expression,  but  with  replacement  of  a by  a (5)  and  (D(i)) 
or  L (C,  ^)  . Here  ^t))  must  satisfy  twc  conditions:  (1.27fl) 
and  (1.91)  . 

2.  Properties  of  the  sinqular  operators. 

On  the  basis  of  (1.265),  (1.269)  and  (1.  279)  and  keeping  in  mind 

absolute  and  uniform  convergence  of  series  in  (1.279),  it  is 
possible,  in  the  same  way  as  this  was  done  into  §5  and  6,  to 
demonstrate  * a series  of  the  properties  of  the  sinqular  operators 
and  operator-functions. 


FOCTNOTE  *.  For  the  purpose  of  a decrease  in  the  volume  the  majority 
cf  proofs  let  us  lower.  ENDFOOTNOte. 
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r 

I a}  If  f(T0€<*L-.  that  also 

b)  froa  p.  a esca  pe/cnsues  the  existence  of  the  profluct  of  the 
i singular  operators  and  operator- functions 

(1.281) 

^ c)  froa  (1.269)  follows  the  interchangeability  of  the  product  of 

the  singular  operators 

Z.-(S.P)Z,-(5.P)-Z.-(6.p)L7a.P).  (1.282) 

! d)  froa  (1.279)  is  evident  that 

I-ft.P)l01 -0.  (>-283) 

Therefore^ in  order  that  product  (1.282)  would  become  zero,  it  is 

i 

^ sufficient  if  at  least  one  operator  is  zero. 

e)  Singular  operator  is  linear.  It  is  more  that, 

[ (1-284) 

j if  in  curly  braces  a series  confronting  converges  evenly  and 

absolutely,  artd 

I 

\ f)  the  singular  operators,  presented  by  series  or  closed 

expressions,  can  be  store/added  up,  grouped  and  aultiplied.  This 
follows  froa  the  absolute  convergence  of  series  (1.257)  and  of 
absolute  and  unifora  convergence  of  series  (1.279).  For  illustration 
I let  us  consider  in  detail  a following  exaaple. 
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IT  ^ 

Function  L — (z),  generally  speaking,  can  be  represented  in  two 
fcrss:  series  (1.257)  and  the  closed  expression 

Z.-(i)-A7(a)  • (1.285) 

(C  ” the  index  of  explicitness).  *. 

FCCTNOTE  *.  Sonetioes  we  can  and  not  be  able  to  find  the  closed 
I expression,  adequate  to  series  (1.257),  but  then  generally  drops  off 

I 

I the  question  concerning  actions  with  the  operators,  presented  in  the 

closed  form.  ENDFOOTNOTE. 

I 

I 

To  this  correspond  operator's  two  representations: 

L~(fi)  -»— ► l-r  (»)  ■ 2 ajp—  2 (1.286) 

••I  (..I 

depicting  one  and  the  sane  operator,  realized  on  (1.279). 

(*)•  (*)  j 

Let,  for  exasple,  four  fanction*"^^  y andL|J^  for  which 

m>l,  /-  1.2.3.4.  (1.287) 

satisfy  the  relationship/ratio 

I-(i)LJi(z)>L«(l)-/.-(D.  • (1.288) 

This  functional  relationship/ratio  is  record/written  in  the 


X 
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clcsed  form: 

w + W-  0-28fl) 

Above  property  of  the  singular  operators  presented  indicates 
that  the  escape/ensuing  fro*  (1.289)  ferial  equality 

espeesses  the  real  equality 

+ 15,^ f (1®  - (H). 

Actually,  since 


i.  /-1.2.3.4, 

(1-292) 


that 


Page  73. 

Onder  integrals  series  confronting  converge  absolutely  and 
evenly.  In  fact,  after  conducting  the  estiiaticns,  sinilar  (1.  277), 
let  us  have  (see  [24,  page  69  and  44]  (6.118)); 

I 


I 
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(I.J94.) 

I (■-¥  rK 


>t  us  select  and  i 


ntroduce  the  designations 


< '• 


(1.294 1;> 


Then 


(•-1)1 


<Ar. 


(I.294C.; 


i. e.  series  are  najorized  by  the  infinitely  decreasing  progression. 
This  proves  the  required  convergence.  Thus,  entering  in  (1.293) 
series  allow/assune  nultipl ication , grouping  and  termwise 


integration.  Therefore 


“"(•-1)1(11-1)1  "*’• 

*"  (1.295) 

By  varying  the  order  of  integration  and  after  using  formula 
(2.151)  from  [37],  we  will  obtain 


•hhl% 


aM.(n-0-~'(C-Ctr* 


(1.256) 
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Page  74, 


Now,  keeping  in  aind  absolute  convergence  of  series  (1.257),  let 
us  find 

e-t  tm*  ^ 


whence 

a£5«»«!!|.  (1.298) 

Finally,  coaparing  (1-296)  with  (1.292)  and  taking  into  account 
(1.298),  we  see  that  really/actually  it  occurs  (1.291), 

For  siaplicity  of  notation  we  exanined  singular  operators.  It  is 


J 
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not  difficult  to  ascertain  that  all  lining/calculations  and 
conclusions  will  renain  in  force  and  fcr  the  o pera tor- f unction , when  7 
Fct  exaaple^ 

However,  exanining  operator-function,  it  is  necessary  to  follow  the 
interval  of  the  variation  €.  So,  the  equality 

cos*p{f)  — 8ln*p|f}-co8^{V}  (1.300) 

will  be  valid  only  in  interval/gap  [Co*  1 ]»  ^0  > since  in  (1.139) 
series  they  will  converge  unevenly. 


g)  Any  rational  relatively  p proper  fraction  represents  the 


singular  operator 


L-(p) 


+ a,p  + fl,  * 


‘p<n.  (1.301) 


The  SUB  and  the  product  of  proper  fractions  give  again  proper 
fraction.  Therefore  on  the  basis  p.  g it  is  possible  to  claia  that 
above  operational  fractions  it  is  possible  to  produce  the  actions  of 
addition,  Bultiplication,  resolution  into  partial  fractions,  etc.  For 
exanple. 
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Page  75. 

In  a last/latter  example  S,  > 0.  since  in  interval/gap 

(1.139)  a series  converges  unevenly. 


Let  us  note  still  that  on  the  strength  of  the  per auta bi li ty  of 
the  regular  and  singular  operators  thus  far  let  us  consider 
inadaissible  this  representation  of  fractions  as*  for  example. 


(1.303) 


h)  If  function  — ►L“(p)is  multisheeted,  then  let  us  agree  to 

almays  choose  those  expansions  (1.257)  and  (1.258),  which  correspond 
to  the  so-called  aain  branch  of  function,  for  exanple. 


I)n 

(2s)ll  ’pSTl. 
(1.30^ 


i 
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Then  and  to  these  operators  will  he  spread  the  enumerated 

previously  properties,  in  particular  p.  f and  g.  So  that,  for 

example,  I — 

p.— p-»- 

i)  Taking  into  account  the  infinite  differentiability  of  series 
(1.257),  in  the  sane  way  as  this  was  dene  in  p.  3 of  §5,  we  come  to 
the  conclusion  that  singular  operator  unlimitedly  ”we  differentiate" 
with  respect  to  symbol 

Page  76. 

According  to  (1,279), 

— S"-  - - j* 

— 
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O'”'  .. 


(1.306) 

H 


it  is  possible  to  show,  as  this  was  done  above,  that  if  the  function 
0 was  limited  and  integrated,  then  series  here  also  converge 
absolutely  and  evenly. 

Now,  besides  addition  and  multiplication,  into  the  number  of 
permissible  actions  above  the  singular  operators  it  is  possible  to 
include/connect  differentiation.  For  example, 

(1.307) 

(lore  that,  it  is  possible  to  speak  about  differential  equations  for 
the  singular  operators.  So,  the  operator 

£,-(J.P)-.v»W=»  (1.308) 

is  the  solution  of  the  problem: 

ftv  - IV  0-  (t  x)  - >• 
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Is  appropriate  to  call  to  mind  the  observation,  done  at  the  end 
p.  3 § 5 apropos  of  terms  "differentiation  with  respect  to  P”, 
"expansion  in  a series  according  to  degrees  0"  and  so  forth,  it  here 
retains  its  force. 


j)  let  us  designate  by  Ti  that  range  of  change  in  the  real  or 
complex  variable  £,  in  which  function  L (E,  z)  is  regular  in  vicinity 
2 = • (i.e.  correctly  expansion  (1.257)).  Then  fu  net  ions  o_,(5)  are 
limited  with  any  fixed/recorded  s (although  they  can  unlimitedly 
grow/rise  with  s -)  , since  (see  ( 1.29  3)) 

UTi  (1.310) 

(relative  to  f and  M see  page  71).  If  moreover: 


1)  functions  a-$(D  are  evenly  continuous  in  fi,  then 
eperator-f unction  L~  (E,  0)  is  continuous: 

(1.311) 


lim  O (g.  i|)  lim  Z.~  ((.  p)  f — L“  (h,  P)  — ® (6», »!). 


cr,  otherwise^ 


lim 


Page  77. 


^ ^ ^ (1.312) 


2)  functions  s.«(t)  are  integrated  and  their  integrals  are  evenly 
continuous  in  fv  that  L''  (C,  0)  is  integrated,  whereupon 


(n)(a  - (^4r(t.p)^)  {t(iai 


(U13) 
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pact:  146» 


cr,  otherwise. 


(1.314) 


3)  functions  once  ate  differentiated  and  all  their 

derivatives  are  evenly  continuous  in  !*»•  then  operator-function  L" 
(5#  P)  is  differentiated  on  c,  whereupon 


KM. « iL- (t. » ^ (toi - 


d"L~ 

dl" 


(1.315) 


ct,  otherwise. 


di 


f(0 


(s-l)l 


dC- 


(•-1)1 


(1.316) 


The  proofs  of  the  enuwerated  properties  (they  are  based  on 
absolute  convergence  of  series  (1.  257)  and  on  absolute  and  uniforn 
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convergence  of  series  (1.279))  lower,  since  they  are  analogous 
thereby,  that  are  carried  out  in  p.  U §5;  let  us  give  only  several 
exawples. 


1.  If 


/FTurrr 


(1.317) 


that 

but,  for  exaaple,  yW  does  not  exist,  since,  funct  ion  a-<ft)  — — .p 

is  disruptive  with  »;  = 0. 

Page  78. 


2.  If 


f i-Oft.i)). 


that 

1 « * 

3.  The  general  solution  of  the  eguation 
P*L*  — L — 0 (1.821) 

will  be 

L-ft.ft-4eh|  + flth|.  (»-8M) 


1 
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I 

1« 


lihere  A 


A O)  and  B = 8 (P)  - soae  operators. 


§8.  Realization  of  the  singular  operators. 


The  present  paragraph  alaost  wholly  includes  lead-in  part  §6; 
therefore  to  here  inexpediently  repeat  there  the  reasonings 
presented. 

1.  Hethod  for  analytic  functions. 


Let  us  (Consider  that  n— 0€r  (see  Section  e page  39),  and  let  us 
narrow  down  the  class  of  the  peraissible  functions  to  w (see 

Section  7 pages  44):  f€e  with  qcr.  Then  # will  be  analytic  function, 
and  that  aeans  correctly  the  expansion 


f(i))  IB  Citf + •f Cull*'  (1.323) 

|e 

Since^'^y  (see  page  71),  to  such  functions  4 it  is  possible  to  apply 
the  singular  operators 

(IP)"* — *►  • • • ■■ 

(1.324) 
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as  a result  of  which  we  will  obtain 

0-325) 

as  is  known,  the  integration  (including  aultiple)  of  functions  €<• 
dees  not  derive /conclude  beyond  limits  u.  Therefore 

+ + 0-326)^ 

Page  79. 

From  (1.265) 

By  introducing  (1.323),  (1.324)  and  (1.326)  in  (1.325)  and  by 
taking  into  account  (1.  327),  let  us  find 

A.-0. 

At  — 

, I (1.328) 

At  jj- (2la_|C,  llo-tCi  + 0la..sC,), 

^ ^ (3la-iC(  + 2la-fCt  + + Ola-,c,), 


i 
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0 

i.  e., 

p-  1.2....  (1.329) 

•-I 

Exasple.  Let  us  find 

y Inp^J  |iht||  -0(11).  (1.330) 

In  this  case  (see  (1.304)) 


o-k  — 0.  " 

At^i  — 0*  ■■ 


*►...+ 


I 

“(2«-i)r 
2p— iJ  (2p)l 


and  consequently. 


V (n)  - ^ + y ^ + i5  gr  + gr  + • • • " 


1 \ 

2p-iJ  (2p)|- 


(1.331) 


Page  80. 


2.  Realization  above  polynoaials,  exponential,  hyperbolic  and 
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tcigonoaetric  functions. 


a)  Let 


^(10  IB  c«  + Ctl)  + Ct*l*  + • • • + 


(1.332) 


Froni  (1.326)  and  (1.326)  we  obtain  as  for  (1.324), 

m p-hM 

^~(Wv(A)  “ ^ (l'.333?f 

»>l  n-O 

where  n it  varies  froa  0 to  p-1,  if  p- 1 < N,  and  from  0 to  N,  if  p-1 

i N. 


b)  let 


(1.334) 


Since 

n 


j (1,  - 2 j (1.335) 

6 


(this  foraula  is  obtained  by  repeated  integration  in  parts),  of 
(1.279)  let  us  find 


<.-({.  B - .-/.-a. - g 


. (1.336) 


(■  - any)  . 

Coaparing  this  foraula  with  (1.192),  is  detected  one  of  the  sost 
isfortant  differences  of  the  singular  operators  of  the  regular. 
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Kithout  selecting  first  tera  in  (1.336),  it  is  possible  to  write 

(1.337) 


^1  ml 

c)  substituting  in  (1.  336)  n on  - a and  taking  the  linear 


ccabination  of  results,  we  obtain 

where  aarkedly 


»-o  «— efi 


! • . 


A.(r,.6.m)-y.f  y 0 


.339) 


Page  81. 


Hence,  in  particular: 


if  operator  (€,  fi)  even  relatively  then 


l£- (i  p)  ch mil  - 4“ (5.  m)  ch  mn 


w-Oimeti 


I 


(1.340) 


(age  82. 


By  substitQting  ■ on  !■,  I«t  as  have 

^ (l» ftcoaain » -^(^”^,611)  + — <m)]cosmi|'h 

+ ft*  — ^«)1  sin  mg  — A, (g,  I,  im). 

y (I.342J 

^ (5«  P)  »in  “ -j"  (fc  ^'n)  + 1""  ftt  — ^»n)l  sin  mg  — 

■ — y ft.  <•»)  — t”  ft,  — <«)J  CM  mg  + (A,  (g.  t <«) 

and  further,  if  operator  L"  (f,  p)  even  relatively  d,  then 


if  operator  L*"  (C»  odd  relatively  fi,  then 


L~  (g,  P)  cos  mt)  “ iL'~  (5,  im)  sin  /nij  — 

- V V (-  IV  i-  - 

ZjVZj  ^ ' ^(2p+l)l’ 


^0 


L (I,  P)  sin  mr\^  —IL  (E,  im)  cosmn  + 


(1.344) 


If  ve  in  P)  chmi)  and  so  forth  do  not  select  terns, 

sinila*T^^^’,^'~^^nd  so  forth  (see  (1.203)  - (1  .209)),  then,  after 
using  (1.337),  it  is  possible  to  obtain  the  following  expressions: 


2j\2j  / (2p)l  ^ m**+'  j (2p  + 1)! 

p— 1 p— 0 MO 

V Z' V 4.  V/"^  a-<2H-i)(6)  \(>wn)^ 

a**  y (2a  H*  1)1.  ..  ^j\^j  ai*^  ' ) (2a)|. 


(1.345) 


whence 


Z.-(6.WHnain  - y l)*2^j(-I)»  X 


(1.346) 


(2p+1)I^ 


A-0»+i>  (6)  \(  i^(a»<l)** 
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Let  us  note  that  these  focnulas,  as  (1.337),  have  considerable 
advantage  over  (1.  336)  and  (1.  339)  - (1.349),  since  of  the  latter  the 
internal  subs  are  infinite  and  in  certain  cases  (for  exaaple,  p.  6b 
the  present  paragraph)  they  can  turn  out  to  be  those  which  are 
diverging. 

Cpecator  (?+*)“• 


Let  us  consider  the  operator 


L-(P)- 


(P-*)" 


-i(p  — *)“".n>  I— integer.  (1.347) 


|^£.(x)  - U — *)*\ 

This  operator  singular,  since  the  function  V lias  a pole  at 
point  k,  but  is  regular  at  infinity.  Therefore  occurs  the  expansion 

<■- W - >-«>- -p [ H- t e- ■> »]  - 


whence 


acaa  1.  r 


A-  -t,  t: 


(1.349) 


/■ 


■1  I 
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Taking  into  account  this,  we  convert  the  series,  entering  in  ( 


J (s— 1)1  (n— 1)1  (»  — n)l 


By  introducing  (1.350)  in  (1.279),  we  will  obtain 


tt  ^ y,  wholci 


(1.361) 


CE,  after  replacing  k by— k, 
1 


n ^ 1,  whole. 


f (ti)  - (p  + *)-^(t0 


' (1.362) 


Specifically,  with  n = 1 


t 


1.279)  ; 


(1.353) 
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U,  Operator  (L-  (E,  0 ♦ k). 

According  to  det^r aination  (1.259) 

ft.  P + *)  - 2 (6)  (P  + *)""•  n.354) 

since  the  operators  O ♦ k)-"  are  singular  (see  Section  3)  , also  L~ 
(C«  singular.  Keeping  in  mind  (1.351),  we  obtain 

n 

/.■  ft.  P -f  *)  9 (t|)  - r-*' J ft) 

Ihe  legitimacy  of  the  exchange  of  addition  and  integration  follows 
from  p.  2a  §7. 


m 

I 


0.355) 


(n-I)l 


Comparing  now  (1.  355)  with  (1.279),  is  detected,  that 


L-  ft.  p + *)  f(iD  ■ r^-g.  P)  |<*^n)>.|  (1.356) 


Page  85. 

Thus,  formula  (1.  225)  turns  out  to  be  accurate  both  for  regular 
and  for  the  singular  operators. 


5.  Operator 
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According  to  (1.257),  (1.  259)  and  (1.  279)  ne  have  (ve  produce 
exchange  in  roll) 


. 9 (»,)  - -.  2 <P(»1)  - --J«P{T1  - 


(1.357) 


On  the  other  hand,  on  (1.279) 


(1-358) 


Coaparing  both  for  aulas,  we  see  that 


— ^ l9Kn))  - i.“«.P)l»N>(n))  -»lL-(E.P)|<p(ij)}. 


(1.359) 


This  foraula  coincides  with  (1.232).  Since  series  converge 

with  an)r  n,  repeatedst  possible  application/use  (1.159),  as  a result 
of  Mhich  ve  will  obtain  (1.233)  and  generally 


(I.36Q) 
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1 

I 

I 

► 

r 


vhereupon  this  formula  is  accurate  both  for  singular  and  for  the 
regular  operators. 

6.  Examples  of  realization  >. 

FOOTNOTE  The  large  part  of  the  given  here  results  was  obtained 
together  with  N.  A.  Wenzel.  ENDFOOTNOTE. 


Here  in  essence  will  be  given  exaxples  of  the  determination  of 
the  values  of  the  operators  above  concrete/specific/actual  functions 
and,  furthermore,  the  realization  of  some  new  operators. 

Fage  86. 


a)  On  th*  basis  of  the  known  integrals 

g . . 

* , 

M V 

IJ. 


(1.361) 


and  taking  into  account  (1.353),  let  us  find 


(1.362) 


1 —*'1  21  nl  )" 


b)  Using  fornula  (1.  353),  ue  obtain 

» • — 
~i  e^  — e^ 

g j;  ^ J— , 

p — * m — « 

1 , Jfe  ch  mt)  + m sh  mt)  — ke*^ 

pr^chmri 

1 . , k6hmr\  + mchmr\  — me*^ 

’ 

I — fccosmTi  + msinmTi  + /5e*^ 

^^cos/nn- + ' 

1 , _ — iisinmti~mcosmij  + /na*^ 

^•inmn jfpr^rp 

fft  ^ Jk. , 


(1.369 
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To  this  sane  result  it  was  possible  to  arrive  on  the  basis  p. 
2b.  In  this  case  it  was  necessary  to  use  fornulas  (1.337),  (1.  345) 

and  (1.  346).  But  if  we  apply  (1.336),  (1.338),  (1.339)  and  (1.  342), 
then  it  is  necessary  to  introduce  supplenentary , that  not  being 
internally  necessary  for  oper^^tions  (1.363)  condition  |k|  < Inj; 
otherwise  "internal**  series  S so  forth  will  turn  out  to  be 

those  which  are  diverging  that  It  was  noted  at  the  end  p.  2b. 
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Further,  on  (1.353)  let  us  have 


(m  — A)*  • 


^ iTichmiil  - _ 

_ (m*  + A*)chmn  + 2m/t  sh  /ntj  — (m*  + A*) 

(m*  — ifeSyi  ' 

^ (tishmn)  - _ 

(m*  + A*)  shmTi  4-  2mA  ch  wt]  — 2mke*^ 

(m*  — ft*)* 

t)(ftcosmii  — msin  biti 


. (ffi* — ft*)cos/nT]  4- 2mftsin/nt)  — (m*  — ft*)«*^ 
■'  (m*4-ft*)*  ’ 

. (m*  — ft*)  rntj  — 2mA  cosmT)  + 2mfte*»i 

(m*  + *>)*  • 

m^k. 


(1.364) 


Here,  as  in  ( 1.363),  the  second  and  third  foraulas  are  obtained 
fton  the  first  (by  replacenent  ■ on-n,  and  then  by  addition  and 
subtraction),  the  fourth  and  the  fifth  - by  replacenent  b by  in. 

Page  88. 

c)  fhe  operators  singular  and,  therefore, 

persiitable.  Therefore,  applying  (1.353),  ve  find 
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either,  chanijing  the  order  of  integration. 


■prrF 


if 


«*<n+t.)  (r-^  —r-»^)  9 (Ci)  dh. 


(1,366) 


or,  finally  (after  replacing  designations  Ci  by  C) , 

1 ^ ' 1 1 

D 

[’sh*(T|-0f(0dC 

(1.367) 

|P±jrf(n)-jl 

a 

Hence 

n 

1 iln/Kg-OlKO^. 

« 

(1.368) 

+ *1 

d)  ^£ter  presenting  sine  in  coaplex  fora  and  after  using 
(1.361),  it  is  not  difficult  to  coapute  the  following  integrals: 


I 

! 


I. 
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sinACx  — f)dt  — cosfer). 


tsink(x  — ()(U^  ^(kx  — sinkx). 


-(-  co»to - (—  1)^  ^~<~.l).  sinAxj 


(i.369) 


Then  froB  (1.368)  »e  obtain 


Page  89. 


pS^Tp  I U " 1 — <08  *11),  {t||  - p<*n  — «o  *n). 

,,.370, 

pmtO 


e)  .Sircctiy  on  (1.368)  we  find 

1 ****— msin*n— *co»*n 

, nq^K*^'  • 

•j  ,.U ,I_  cosmti  — co»*ii 

1 , ., *8hmTi— <nsin*ti 

jr+p I •h/nn) *(;p+ pp-*-' 

pqrplco.mTii-  — . 

1 , _ , Asinmn  — msin*n 

Fn'i""'""  — 

' ' M 


(1.371) 


aod  further. 


1 i_^i  2«u-^ 

’^1  " m*  + **  (m*  + **)*  ■*■ 

m*  — k*  2mc»kr\ 

■*■  A(/n*  + **)*  + (m*  + **)i  • 

1 i„^u , _»ichmii  2ffishmTi  , 

m*  — k* 


F+i? 


k(m*  + **)* 


siniferi. 


I , _ nsh/nri  2mchmTi  , 

2m  cos  /fei] 


(m*  + **)*  ’ 


1 , . cos  mti  . 

2m  sin  mi)  m*  + ife*  . ^ 

(iff* — m*)»  fc  {k* — m*)* 

I TjsinmT)  2mcosmTi  . 

jrqnp  - Jfirs-.  - + 

2mcosfeTi 


(1.372) 


The  observation,  which  concerns  foraulas  (1.363),  in  equal 
leasuce  is  related  also  to  foraulas  (1.371). 

I 


i 

I 

i 
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f)  (keeping  in  Bind  the  interchangeability  c£  singular  operators 
(1.367)  and  (1.368)  « we  find 

-Ci)9>(Ci)<«i.  * (1.373) 

By  changing  the  order  of  integration,  ty  producing  elenentary 
conversions  and  being  returned  in  the  designation  of  the  variable  of 
integration  froa  C,icC.  we  will  obtain  finally 

-j^  V ('1)  “ 2jp:  |*  1*^  ^ (’I  — C)  ~ *•**  ^ ~ 01 V (D  dt*  (1 .374) 
b 

<42y  _ Ilf 

After  replacing  here  Ir  =■  — 7^*.  we  will  obtain 

K 2 

g)  In  a naabec  of  cases  it  is  convenient  to  Apply  foraula 

(1.356).  So,  using  (1.356)  (here  k « 1)  aad  the  first  of  foraulas 
(1.372)  (here  k * m - ij.lfe  find 


rrsrn? 


(ni 


hC- 
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^1 

0+t) 


C<B1| 


/ 


1 10  , 3/Sf~^ 

“T’'-45+-«7r 


8ini| 


^ lOe-'  - /HT 

+ -45-co«nl/  y. 


(1.376) 


Page  91. 

h)  it  is  sometiaes  convenient  to  use  and  (1.359).  So,  using 
(1.359)  and  the  latter  froa  foraulas  (1.371)  and  (1.372)  (here  ■ » 1, 
k = i)  , we  will  obtain 


^ (Sing,  = - ^ ^ + (,.377) 


Here,  of  course,  it  was  possible  to  find  operator's  value  above 
function  sine  g directly  frow  foraula  (1.346).  However, 


« 
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calculations  would  turn  out  to  be  bulkier,  since  it  was  necessary  to 
expand  operator  in  a series  according  to  degrees 

i)  let  us  gire  an  example  of  the  use  cf  integration  of 
operator-function  for  operator's  realization.  Froi  first  foraula 
11.363) 

I ^ 

n.378) 

Here  f unctions  = {•-'are  integrated,  and  their  integrals  are  evenly 
continuous  in  0 C < which  means,  possibly  the  application/use  of 

formula  (1.313).  Therefore  there  exists 

^ (1.37^ 

After  fulfilling  integration,  we  will  obtain 

‘n  ( ' - y)  1*^1  - (- -f  - i “ • • • ) “ 

_ ^ |ln  -£/(- /sn) + £/(-(«-!)  nlj.  (1-380) 

j)  ^I'alogously  is  utilized  differentiation  of  operator-f auction. 
So,  without  resorting  to  (1.351),  bat  taking  into  account  the 
differentiability  of  f unctions  a_,ft)  froa  the  preceding/previous 
cxaaple  and  differentiating  (1.378)  with  respect  to  f (on  the  basis 
(1.315) ) , we  find: 
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k)  If  sinijular  operator  is  expressed  by  a complex  proper 
fraction  of  type  (1.301),  then  a series  of  its  realization  is  nost 
sisple  deconposed  fraction  on  the  sinplest  (basis/base:  p.  q §7)  and 
then  used  (1.245|,  (1.  351),  (1.353),  (1.368)  and  so  forth,  for 

example. 


6P*-P+  I 

— przp— 


- j I 3 , ^ 

J +p_l  +P+  1- 


(1.382) 


Therefore,  using  (1.265)  and  (1.363),  we  deteraine 


■■  I*”)  “ 2— + 3-S r-  + 4, 


I 4 


“T— 3*^-3^ + 


2-1  ^"2-(-l) 
23 


(1.383) 


Function 


1)  In  conclusion  let  us  consider  irrational  operator 
1 


1 


v'P*-** 

has  the  singular  points  z = i ki  and  is  rngulnr  in 


the  vicinity  of  the  infinitely  receded  point.  Therefore  the 
corresponding  to  it  operator  is  singular*  Consequently,  occurs  the 
expansion 

1 I f.  I , 1 *•  , 1-3  1.3-5  *• 

2-j?'^5:4  P*^2T4:6P  + 

\ l ^(2*-l)«  **• 

+ •••]- IT + ‘ ’ 
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(2s)II  - 2*.5!.  (2$  — 1)11  - 1)11. 

(Zs)ll 


and,  ahlck  naans# 


(25)1  (2s)[ 

(25)11  “ 2*  *l 


(1.385) 


a_,  — 1.  a_^  -«  0,  a, 


-OH-l)  2**(5lV 


»-0-  >-2.  ••  0 386) 

2**  (si)* 


Tkan 


^ a_,(T)  - ;r ‘ V **•  <2*)'  „ V 

2^ -(7tri)i  ^ 2**  (25)1(5!)*  ^ 2**  (5!)* 


/.I*(*1-C)J. 


(1.387) 


ak«r«  Iq  Is  a Bessel  function  of  apparent/inaginary  arganeat.  The 
last/latter  expression  is  written  on  the  basis  of  fornula  (6.457) 
froB  [ 37  ]. 


Page  93. 


Substituting  (1.387)  in  (1.279)#  we  obtain 


^(^"  J 4'<C)/oln(*i— C)ldt=J  T(*i— 


(1.388) 


Substituting  k on  ik  and  taking  into  account  that  (see  (6.407) 


froB  [37]) 


con  vert  S' if'  )‘tc 


U{ix)  - y (—  X)  - y,(x). 


(1.389) 


(u)-  J T(;)y.i*(9-t)jd;= J»(>i-t)^.(w. 

; (1^^ 

On  this  let  ns  finish  the  presentation  of  the  theory  of  the 
regular  and  singular  operators.  The  theory  of  the  aired  operators# 
which  synthesises  the  results  of  the  investigation  of  both  fores  of 
the  operators#  sill  be  exaained  la  the  folloviag  chapter. 


f 
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Chapter  2. 

SOHE  QUESTIONS  OF  THEORY.  Hired  operators. 

In  chapter  1 were  «ore  or  less  exaeined  in  detail  regular  and 
singular  operators.  On  the  basis  of  the  given  there  theoretical 
substantiation,  here  we  will  consider  the  fixed  operators,  and  also 
sofe  ccBmon/genecal/total  questions,  connected  with  the  operators. 


§9.  nixed  operators. 

1.  Basic  determinations. 

nixed  operator*s  concept  was  introduced  in  p.  /a  §7.  General 
view  cf  this  operator 

cr,  in  tlin  can*  of  tkn  nixed  operator- function, 

W " • • • + *^pi — ■J*  — + <i#(6)  + 0i(DP  + ..." 

«• 

(2.2) 
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To  such  operators  correspond  to  function  L (z)  or  L (6,  z)  , 
representable  in  the  vicinity  of  the  infinitely  receded  point  by 
Laurent  series 

— 

L(P)  — Z.U)  - . . . + + 0,  -P  a,2  + . . . - (2.3) 

P)  *--*  L{^,  z)  = . . . H f-  flo  (E)  + fill  (S)  2 + • • • = 

oo 

= (2.4) 


It  is  obvious,  function  L (z)  or  L (C,  z)  , ECTi  (page  77),  it 
aust  have  the  isolated/ insulated  singular  points  at  the  final 
distance  and  in  z = the  latter  cannot  be  branch  point. 


In  accordance  with  (1.88)  and  (1.258) 

i(p)-i+(p) + /,-())).  (2.5) 

Then,  according  to  (1.113)  and  (1.279),  ehece  sized  operator's  values 
let  us  have 


(2.6) 
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^ for  the  value  aixed  operator-function 
♦ ($.  rj)  * 1.(5.  • 


fl.(E)»‘*>(»D+J'P(C) 


\la-^5)(Tl-0-' 


1)1 


(2.7) 

As  concerns  donain  at^  the  determination  of  the  nixed  operator, 
cn  the  basis  p.  2 § 5 and  p.  1 § 7 it  is  possible  to  indicate  several 
versions: 


a)  is  infinitely  much  a,^0  with  s >,.  0 and  s < 0,  and  domain  F 
(page  39)  is  infinite;  then 

(2.8) 


i.e.  9(1))  must  be  that  which  is  integrated  in  F and  satisfy 
condition  (1.91).  (page  95^ 


b)  is  infinitely  much  a,  ^ 0 with  s ^ 0 and  s < 0,  and  domain 
is  final;  then 

*i.  - •>*''*.  (2.9) 

i.e.  9(1))  it  must  satisfy  condition  (1.91) ; 

c)  is  by  n of  the  coefficisnts  a,  fi- 0 with  .s>0  wnd  infinitely 
aacha,yb0  with  .«<0.»  but  domain  F is  infinite;  then  (see  page 

38) 

•t-»i„-e,-i.  (2.10) 
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I . 

i.«.  f(t))  It  Bust  be  that  integrated  and  n once  that  which  is 

differentiated  in  r and  sc  forth. 

If  «p€«fthen  series  in  (2.6)  and  (2.7)  converge  absolutely  and 
evenly. 


The  interchangeable  operators  can  be  algebraic  rational, 
irrational,  transcendental,  for  exaaple. 


P*  + 2 


f V^.  e 


K'P'-e 


(2.  lOa) 


In  the  case  of  the  nixed  operator-functions  let  us  assuae  that 
always  ICFt  (see  page  39).  Therefore,  for  exaaple,  if  IClO.il,  then 
is  not  the  nixed  (but,  and  also,  therefore,  by  regular  or 
singular)  operator.  Let  us  nane  it  special  operator.  The  nunber 
special  includes  also  the  operators,  for  when  is  inpossible  the 
representation  in  the  forn  of  Laurent  series  in  the  vicinity  of  the 
infinitely  receded  point,  for  exaaple 


InP.  5^.  I*P 


BID 


In  the  present  work  special  operators  are  exanined  only  casually. 
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2.  Properties  of  the  nixed  operators. 


Since  the  nixed  operator  is  the  sun  of  the  regular  and  singular 
operators,  its  properties  easily  are  obtained  fron  the  properties, 
studied  in  p.  p.  3 and  4 § 5 and  p.  2 § 7.  Special  attention  they 
reguire,  however,  the  properties,  connected  with  the  product  of  the 
operators,  and  then  we  will  consider  in  the  following  point/itens  of 
the  present  paragraph. 


Page  96. 

a)  if  exist  Lj  and  Lj,  then  there  exists  and  L = Li  ♦ Lg, 
wh  ereupon 


(2.12) 


b)  If  «p(g)€®L.that  also 


c)  If  there  exists  Lg^,  there  exists  and 

LiL^»U{L^\.  (2.13) 


d)  6peratoc  L O)  is  linear.  It  is  sore  that. 


(2.14) 


If  la  carlf  braces  a series  confronting  converges  evenly  and 

1* 

aSeeletely,  ^ *)€r.  Hence,  in  particnlar, 

l{0|-0.  (2.15) 
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e)  Operator  L (C,  3)  unli»itedly  "we  differentiate"  with  respect 
to  p whereupon  on  the  basis  p.  5 §6  and  p.  5 §8 

(2.16) 

and  ganerally 

— !<P(tt)}  = ^(5.  P)  h"«p(Tl)l  -nrjKE.  P)  |tr-'«P(n)l  + 

op" 

^ ~ r^iL  (S,  P)  lTi"-’(p  (ti)l  + ...  + (—  lyn"^  (|.  P)  (9  (’1))- 

^ (2.17) 

Therefore  it  is  possible  to  speak  about  "differential  equations"  for 

the  operators.  So.  the  operator 

^(Pf~’f:^^i>iP  + -^cosP-h-^^  (2.18) 

it  satisfies  the  equation 

^ + (2.19) 

£)  If  with  s>0i  coefficients  a^CC)  satisfy  conditions  (1.150), 
and  with  .s<0>  are  satisfied  the  conditions,  indicated  in  p.  21c  67, 
then  o pera  to  t-f  unction  L (f,  p)  is  differentiated  and  integrated  by 
C,  for  exaaple, 

I 

^(P*-?*)*^- Jco6.|-dl-Piln  j.  (2.20) 

It  is  possible  to  exanine  differential  equations  for 
operator-functions. 


pni.  P)' 


l9  (n))  - (E.  P)  (w  (ti))  - (I  P)  <9  (Ttfl 
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So,  the  solution  to  the  equation 


under  the  conditions 


it  will  be 


L(0.P)=.l.  ^^=1 


^ (5»  P)  =*  "p"  si**  H cos  5P  + ^ • 


(2.21) 


(2.22) 


(2.23)- 


FOOTNOTE  >.  For  treatment  of  fractions  see  fcelow  (p.  6).  ENDFOOTNOTF. 


g)  from  p.  4 §6  and  p.  4 § 8 follows  that 

I P + *)y(tl)-«-*C(S.  P)(<*XiO).  I (2.24) 
h)  Occurs  the  following  siallatity  transformation:  if 

i(l.  P)f  (»!)■"  0(1.  n).  (2-25) 

that 


^ (1.  mP)f  I 


(2.26) 


In  fact,  let,  as  usual. 
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( 


H«nc€ 


i+ft.  P)v(n)- 

= n). 


«.(DP’'p(n) 


P)<p(^)  = 


oo 


a-»(S)(t)-Cr-' 

(s—  1)1 


= Ti). 


i(g.P)«p(Ti)=  [L+d.  P) + /:-(£.  P)](i>(n)  = 
« n)  + ID  - 


(2.27) 
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Ccapacin^  (2.28)  with  first  two  forsulas  (2.27) • is  detected,  that 

(2.29) 

But  then  froB  third  forsula  (2.27)  it  is  obtained  (2.26).  The 
obtained  result  can  be  fornulated  also  as  follows:  if  we  in  equality 
(2.25)  replace  of  variables 


that 


(2.30) 


L (6.  mP)  «p  (y)  “ (6.  y)-  <2-30 


3.  Hulti pi  ication  of  the  operators. 


a)  first  let  us  consider  the  eleaentacy  products,  in  which  enter 
the  integral  A-VicL  d I'f f’e *■«>!+• Direct  calculations, 
based  on  deter ninat ions  (1.2),  (1.24)  and  (1.  265),  give: 


with  0 n ^ s 
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npH  /I  > 5 


-cr— ‘v(o«. 


npu  1 < n < 5 


1 


P"  • pT  ==  P"~’9  = 9*"“*’  (n). 


I— I 

^ • P"«p  =•  pirr  V — y^(p«>-»+")  (0) 


!!!. 
pi  ' 


"iFrrjrrDiJc-O— 


9 

DpH  n>s 


9^1 

^ P»9  = p<»-«<p  _ ^ (p(»-»+">  (0)  ^ . 


*-i 


(2.32) 


Key:  (1)  . with. 

Page  99. 


Hence  easily  is  perceived  noted  even  in  (1.266)  the 
noninterchangeability  of  integral  aind 


b)  Let  us  pass  farther  to  the  sore  coaplex  operators.  Let 

Lf®  - (W  - • 

M* 


(2.33) 


DCC  * 77055306 


PAGE  100 


Per  the  product  of  the  regular  operators  according  to  (1.122)  let  us 
have 

•>4  / t-oXii-O  / 


while  for  the  singular  operators  according  to  (1.296) 

n i**— • 

9tt)  V/'V  omfliu 


■J' 


(»ai»  (I 

— “^->1  (»  — 1)1  ^ ' 


These  fornolas  can  be  written  in  syaaetrical  relative  to  4.^  and 

forn^  for  axanpla. 

Is  hence  visible  established/installed  into  $5  and  7 
interchangeability  of  the  products  of  the  regular  and  singular 
epatators. 


DOC 


MGI  W \'?\ 


c)  Horn,  b^iag  based  on  the  absolute  and  unifora  convergence  of 
those  being  encountered  subsequently  together  (see  85  and  7),  and 
also  on  the  linearity  of  the  operators  and  L*  and  using  foriulas 
(2.32),  let  us  consider  regular  operator's  product  and  singular  and 
singular  by  regular.  9e  have 


Fage  100. 


I ■ 


(2.37) 


Then 


“2.  _ 


M>l  M 


(2.38) 


IKK  • 


PIGB  \^9— 


Porthvr  with  n^O 


**  W I 

ir  (P)  IP"<P}  = ^ (^2X  (»!)  ~ ^ af^,  (0)  ^ 

»— I nr  n? 

■*■  J . (j.«( 


therefore 


^ P>  - Z-r  |Efl{>)  - f al»>Z.r(P)  IP-  »)  - 

-“Pj  »ffl\  j-^^dl-O-idC  + 

0 iffl 

1- f ^«i£°py-!!! 

0 n»|  S!n>| 

^ ff  oo  n 


«•  •— I 


S"'”  S.-S  q,(a-*fn)(0)  ^ . 


(2.41) 
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After  eleaentary*  but  sufficiently  bulky  transf oraations  we  will 
obtain 


a(i>  0***  — 


+ £(S  a!!i aj*^.  (T)- 

-Sl^(S«^Hls 


(2.42) 
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iy  changing  here  by  places  iadlces  1 and  2 and  by  coa paring  with 


12.39),  let  us  find: 


L7Lt^‘=LtL7'9  — 


^.(2.43) 


d)  By  using  results  p.  b and  c,  let  us  find  another  expression 
fcr  the  product  of  the  nixed  operators.  Let 


Za(p)  “ + LT9)  “ ’ 

CO 

i.<(»  - 1? (P) + i,-(P)  - V «™f + y ^ • 


Then 


- LtU^  + LTLT^  + LtLT^  + LTLt^-  <2  ‘‘S) 


After  substituting  here  expressions  (2.34),  (2.35),  (2.39),  (2.42) 
and  after  leading  sinple  lioing/calculations,  «e  will  obtain 

- f fi  ^ + <1^^)  9^(n)  + 

•-oLm-iO 


a"'  o<*>  , + 

— « — it— nl  r 


4 
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U,  Interchangeability  and  the  functional  properties  of  product. 


a)  unlike  the  product  of  the  regular  or  singular  operators  mixed 
product  (where  they  enter  and  Lt,  and  L-)  and  the  product  of  the 
■ixed  operators  in  the  general  case  are  noncoaautative.  So,  foraula 
(2.43)  shows  that 

L-Lt  - Ltl^  (2.47) 

in  that  and  only  when 

' f oi.”  = 0 i p - 0.  1.  2 (2.48) 

Key:  (1) . with. 


and  this  is  iapossible.  It  means  and  Lr  newer  they  commutate. 


b)  If  we  in  (2.46)  interchange  the  position  indices  1 and  2 and 
result  to  subtract  froa  (2.46) , then  «e  mill  obtain 


-II 


yw  •3^— «■»!:!«- j**^"*®) 


J.  (2.«9) 


where  Lt  and  I,  are  giwen  by  fornnlas  (2.114).  Bence  follons  the 
necessary  and  sufficient  condition  of  the  interchangeability  of  the 


I 


i 
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■ixed  cpetators: 

'!*.(>- 0,1,2..... 

Key;  (1).  with. 


This  is  possible  only  in  three  cases: 

1)  if 

olii-olfi-O.  (2.51) 

i.  Bm,  both  operators  are  regular; 


2)  if 


n-&0.  , (2  52) 


im  Bm,  both  operators  are  singular  or  take  the  fore 


“-I 

3" 


(2.53) 


without  expanding  operator  in  a series,  this  fora  easy  to  discover, 
after  computing  lim  L Ifi)  - it  it  Bust  be  equal  to  constant). 


Page  103. 


3)  if 


(2.54) 


Key:  (1).  with 
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1.  e,,  the  nixed  operators  are  distinguished  to  constant  - 

L,  = XL,  + C.  (2.55) 

substantial  to  note  that  formula  (2.50)  shews  that  if  the 
expansion  L,  (or  L2)  contains  at  least  according  to  one  positive  and 
negative  degree  p,  then  there  is  no  operator  (or  L,), 
interchangeable  with  (or  L, ) , besides  operator  (2.55). 


Let  us  give  several  examples: 


chUJ-d+W-d+P^chtf.  ch6P-y^^y-^chtf. 


1 1 _ 1 1_  .i,L.ehA  = 

P*  + 1 ' p*^^*’  )/p»^fe*  ‘ P*  + 1 ’ P P 

-ch|.Ch|-, 


(2.56) 


c)  let 


whereupon 


L,(*)=  + /=  1.2.3. 


(2.57) 


and 


(^)  Lf  (z)  = Lf  (z) 


(2.58) 


(2.69) 
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let  us  explain,  which  dependence  between  the  product  L|  (5)  (0) 

and  Ls  O)  corresponds  (2.58).  Let  us  introduce  (2.57)  in  (2.58); 


Z.»(z)£,(x)-  £ 2 

VI  V3  VI 

2j  Zj  Zj  Zj  “ 

n»l  sseI  ri=^0  6=1 


Page  104, 


After  soae  transforaations  this  expression  can  be  given  to 


+ >,K‘>aLv..+«:?’ «%+.))  r+ 


«!!J.a‘iU.+  j^-  (2-61) 


Thus, 


1 1 


DCC  = TTOSSSOe 


PAGE 


bgA. 

r 


OJ*)-  V ac*)a<*),+  £ (a<4».a!!|.+a<«,a<i*.).  s - 0. 1. 2. . . . 

a»U 

f 

M-*!  I|m4> 

Then  regarding  operator  and  (2.57) 

^(P)sp(n)  = £ 


(2.62) 


Awl 


|9(C)£(ai,'>a<!{^„+a<«a«l>,^„)dC  + 


Va<'>o<«  4> 

O'  Pm2  |.fMMl 


iWaji)  » 


«•  (2.63) 


Page  105. 


Ccapating  (2.63)  with  (2.46),  is  detected,  that 


(2.64) 


and,  which  neans. 


- iff  — 


5 • <2  «®> 


4=1'  \4=t* 

d)  h^w  it  is  possible  to  foraalate  the  following  affiraation:  if 
(X)  are  given  by  fornulas  (2.57)  and  It  occurs  (2.58),  then  for 
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that  in  order  to  - - • • . - - . _ 

(2.66) 

(not  only  foraally,  but  also  in  ssnse  p,  1 page  27),  it  is  necessary 
and  sufficient  in  order  that  in  product  either  the  left  operator 
Mould  be  regular  (then  right  any),  or  the  right  operator  took  fori 
(2.53)  (then  left  any)  . 


Proof  of  need.  Let  it  occurs  (2.66).  Then  in  (2.64)  sust  be 


£ ami  £ a(n^, (0)  ] - 0.  p - 0.  1.  2. 

>1—1  \»— I ' 


a this  possibly  only  in  two  cases:  either  wi^ 

m 0,  n It  2,  . . . 


0.  » = I.  2, 


[i.e.  the 


left  operator  regular)  , or  wl 
takes  the  fori  (2.53)). 


L.e.  the  right  operator 


Proof  of  sufficiency.  If  in  product  LiLz  the  left  operator 
. a*'*  M n s ~ I,  2,  . . .)  j 

regular  (iVR—’^“"“> the  eight  operator  takes  the  fori  (2.53) 

■ 0,  rt  1,  2 Ij 

(i.eT  tSat  is  correct  (2.68).  Then  froi  (2.64)  it  follows 

(2.66)  . 


Conseguence  1.  If  both  operators  regular  or  both  operators  are 
singular,  then  under  condition  (2.58)  it  is  always  correct  (2.66). 


Consequence  2.  Any  operational  equality  will  not  be  broken,  if 
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fcoth  parts  of  it  are  aultiplied  to  the  left  by  regular  operator  or  to 
the  right  by  the  operator  of  fora  (2.53). 


Observation 
For  this  aust  be 


1.  Proa  (2.66)  it  does  not  follow  that  Lj Li  = 
carried  out  suppleaentar y conditions  (p.  b)  . 


LiL  f 


Observation  2.  Everything  said  is  related  to  the  action  of  the 
operators  above  the  arbitrary  (pCctz.' 


Page  106. 


For  soae  sets  f(n)  the  condition  of  correctness  (2.66)  they  are 
expanded: 

if 

^(0)  - f ' (0)  - . . . f<"*»((^  - 0,  (2.69) 

that  with  the  arbitrary  Lj  aust  be 

flW  ■ 0.  f - n + 2.  n + 3 (2.70) 

This  is  easy  to  see  froa  expression  (2.68) , converting  it 
preliainarily  to  the  fora 

f - 0.  p - 0.  I.  2 (2.71) 

mrnl  Vt.^  / 

Thus,  if  are  satisfied  conditions  (2.67),  then  operational 
product  (2.66)  possesses  the  saae  functional  properties  as  function 
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L,  (z)  f«-«Nn  (2.58). 

Let  us  give  several  exasples: 

(l'+ ')  przi  ”p:rri' 

>h|-chA-ch|.shf 
j^-j(P*-I):)tP+  1.  e 

It  is  not  difficult  to  denonstrate  also  the  reverse/inverse 
affirsation:  if  correctly  (2.66),  then  it  occurs  (2.58).  For  this  is 
sufficient  to  consider  (2.64),  (2.46),  (2.57),  (2.63)  and  (2.62). 

5.  On  inverse  operators. 

a)  Let  Lt8  be  certain  operator.  Let  us  assuse  that  there  is 
operator  L^  O)  such  that 

L,(«L,(p)f-t.  (2.73) 

then  in  accordance  with  p.  Od, 


L«(<)L,(z).  I.  /,(,) 


(2.74) 
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Pi  c^e  JOl. 

« h«r«  I,  (?)  L JJ.  L,  (?)  4->  L,p. 

According  to  (2.73)  and  (1.25)  operator  L?  will  be  reverse/inverse 
for  Lj. 

Thus,  establish/installed  that  if  for  any  L O)  there  is  an 
inverse  operator,  then  it  coepulsorily  takes  the  fore 

i."(P)i.(P)f-f  (2.75) 

and  I 

^ £(Pr’  (2-76) 

b)  foraula  (2.75)  and  affireation  (2.67)  give  answer/response  to 
the  question  concerning  that,  for  which  L IP)  there  are  inverse 
operators,  specifically,:  for  L (P)  there  is  an  inverse  operator  in 
that  and  only  that  case,  when  either  L O)  has  fora  (2.53),  or  foreal 
expression  L \p)  it  is  regular  operator.  Therefore,  for  exaaple, 
for  the  operators 

I 1 B— I 1 ~ e* 

T*  FHF*  rn* 

zeverse/in verse  will  be  respectively 

P-  (2.78) 

«vithe  operators 

^ V^f*-**.  M*.  (2.79) 
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they  dc  not  have  reverse/inverse. 


6«  Fractional  operators  (operational  fractions). 


a)  First  let  us  examine  the  only  rational  fractions.  Let  us 
introduce  designation 

Pn  (P)  “ P"  + >4«-.P""'  + + . . . + ^ + >4..  (2.80) 

Mhere  n ^ 0 - integer,  and  1^-  the  nunfcer  (generally  speaking 

conplex)  or  of  function  of  ?.  According  to  the  deterninati ons  of 

regular  and  singular  operator  always  there  are  the  operators  P,(P)  and , 

Pm  (P) 

while  according  to  (2.67),  always  there  are  their  products,  whereupon 

This  equality  can  be  considered  the  deter ninat ion  of  operational 
fraction. 
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Page  108. 

Using  this  deteraination  and  results  p.  4 g even  5;  it  is 
possible  to  show  that  the  operational  fractions  possess  the 
properties  of  usual  fractions  (exception  is  the  multiplication  of 
fractions)  . 


1.  Fractions  are  equal  to: 

P^(P)  P^(P) 

in  that  and  only  that  case*  if 


(2.82) 


(2.83) 


2.  Denominator  is  decompose/expanded  into  the  factors: 


1 I 

P„lfi)  (P  — W • • •(?■“  w 


(2.84) 


mhere  k,—  the  roots  of  polynomial  Pa(x). 


3.  Are  valid  egaallties 
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4.  Fractional  operator  will  not  be  changed,  if  nuaerator  and 
denoBinator  is  aultiplied  by  one  and  the  saae  pclynoaial  or  is 
shortened  fraction  by  it 


- (p  _*)/>„ (^1  ” P^(P)  • 


(2.86a) 


5 • During  the  addition  of  fractions  with  coaaon  denominators 

store/add  up  their  nuaerators 


(2.86) 


6.  Froa  p.  4 and  5 escape/ensues  the  possibility  of  reduction 
with  their  subseguent  algebraic  addition,  and  also  the  possibility  of 
the  expansion  of  fractions  to  the  siaplest. 


7.  The  product  of  fractions  exists  always,  whereupon 

but  to  Bultiply  operational  fractions  algebraically  possible  only 
whan  nx  < 


t 


I 
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Page  109. 


If  this  condition  is  satisfied,  then 


'.W ''*.<»  I’**..®  :'.  ..... 

~ -Og'  ‘ ^ 


Therefore,  for  exaaple. 


vi ' 1. 

^ * 1 + P 9^ 


(2.89) 


T+j{r  »• 


In  fact,  using  (1.  368)  , it  is  easy  to  obtain 


j- f (»D~f  (0)c»n. 


Even  if  n|  .$  ■},  then  the  product  of  fractions  is  pernutable. 


8.  The  product  of  polynonial  for  fraction  always  exists,  is 
inpleaented  algebraically  and  not  pernutable.  For  exaaple. 


(>  — 1)  - M- 1 ^ (P  — 1). 


(2.92) 
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For  an  exaaple  let  us  demonstrate  p.  1. 


Reed.  Let  occurs  (2.82),  i.e. , taking  into  account  the 


determination  of  operational  fraction. 


(2.93) 


Then,  according  to  the  last/latter  affirmation  p.  Ug, 


(2.94) 


Hhence 


(2.95) 


Products  ^■,(P)^«,(P)  and  (P)'’«.(P)  satisfy  conditions  (2.67). 

Therefore  from  (2.95)  it  will  follow  (2.83). 

Sufficiency.  Let  it  occurs  (2.83).  Then,  according  to  the 
last/latter  affirmation  p.  9 g,  it  is  valid  and  (2.95),  but  thereby 
also  (2.94).  If  We  replace  in  (2.94)  z by  then  in  both  parts  will 
be  obtained  the  formal  products  of  the  operators,  which  satisfy 
conditions  (2.67).  Therefore  accurate  it  will  be  (2.93).  Keeping  in 
mind  the  determination  of  operational  fraction,  hence  we  obtain 
(2.82)  . 


Page  110 
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b)  Now  let  us  consider  the  fractions  of  general  view.  For  the 
operators  we  do  not  determine  the  action  of  division.  Therefore  the 
formal  fraction  Lj^/Lz^  is  understood  as  single  symbol.  This 
operational  fraction  makes  sense,  if  function  Lg  (z)  Lj  (z)  in 
vicinity  2 = - is  decompose/expanded  in  series  (2.3)  or  (2.4).  On  the 
basis  of  these  series  must  be  realized  operator  fraction.  However,  in 
the  majority  of  cases  above  the  operational  fractions  of  general  view 
it  is  possible  to  produce  usual  algebraic  actions.  Are  justified 
these  actions  just  as  for  rational  relative  to  p fractions.  Only, 
which  reguires  certain  attention,  is  the  operation  of  multiplication, 
curing  its  execution  one  should  be  guided  (2.67).  Specifically,  for 
example: 

1.  If  Lg  O)  Lg  O)  it  is  regular  operator,  then  this  fraction 
can  be  multiplied  to  the  right  by  any  operator  and  then  to  implement 
any  transforms. 


2.  If  Lg  (p)  Lg  O) 
can  be  multiplied  to  the 
any  transforms. 


it  has  expansion  (2.53),  then  this  fraction 
left  by  any  operator  and  then  to  implement 


3.  From  preceding/previous  it  follows  that 

^(P)  ^(P) 


(2.96) 


I 
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in  that  and  only  that  case,  when  either  L^/Lj  regular  operator  or 
Lj/L4  is  represented  in  the  forn  (2.53) . Let  us  give  several  exanples 


cosP  + ^sinP 


V"p*T**  - * VTT?. 


. 1 

sin-g-  , 

(P  + P*)-p^-(l+P)sin|-. 

p 1 

p*  P cwp  p . 


P*  P 

p*  __ 

i-p' p 


i-p' 

P*  + A*  . P*  sinP  PsinP 

.-_=_KP+^.  r:::?-r’‘i-6' 


(2.97) 
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7.  The  algebraic  actions  above  the  nixed  operators 


a ) if 

absolutely. 

properties. 


9€«*,.  then  series  in  (2.6)  and  (2.7)  they  converge 
Therefore  operational  sun  possesses  the  sane  functional 
as  the  sun  of  the  corresponding  functions.  For  exanple, 

■ I’' I i L ■ . 


i/srxti  _ P*  _ 

^ ,FF+T*  7^* 


(2.98) 
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b)  In  the  preceding/previous  point/iteis  was  examined  in  detail 
the  aultiplicdtion  cf  the  operators.  The  basic  result  can  be 
formulated  thus;  if  operational  product  satisfies  conditions  (2.67), 
then  it  it  possesses  the  same  functional  properties,  as  the  product 
appropriate  of  functions.  So  that,  for  example, 

ch  « chP'Ch  + sh  p sh  ch-^-chp  + 

+ sh  sh  p, 

(2  99) 

(P+Dcos^^p  , (p— l)sin*P  (P+l)*cos*p 

P-l  P+1  "(P+lHP-l) 

, (P— l)*sln*p  _ 2(p*  + l)  + 2pcos2p_ 

^(P-l)(P+i)“  p*-l 

. 1 P*+  1 . I Pcosp 

ypr^  7-  . 


If  product  contains  more  than  two  factors,  then  it  is  expedient 
to  use  associative  property  (1.21).  For  example, 

P(l+»j(I-P)-P-[(r+,^)-jj(l-P)-P^(l-p)- 

-^^^^(1-P)-(1+P)(1-P)-1-P».  (2.100) 
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c)  Peon  p.  a and  b folloMs  that  above  the  aixed  operators  are 
pereissible  any  algebraic  actions,  connected  with  addition  and 
Multiplication,  if  only  with  Multiplications  are  iipleaented 
condition  (2.67). 


Fa  ge  112. 

It  is  natural  that  in  appendices  of  the  action  above  the 
operators  they  are  iapleaented  on  purely  fcraal  basis.  If  we  in  this 
case  forget  about  the  need  for  satisfaction  of  conditions  (2.67), 
then  it  is  possible  to  allow  large  error.  Por  exaaple,  although  at 
first  glance  it  seeas  that 

(Mfy-rewf.  (2.101) 


but  in  actuality 


• e(0). 

^Pch|-j  v-pch-^jpeh-^vj- 


Ch*  I , - ^ . 


(2.102) 
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To  this  result  it  is  easy  to  arrive,  using  fornula  (2.64). 

Can  arise  inaccuracies,  also,  during  the  carrying  out  of  factors 
for  brackets.  For  exaaple,  while  the  actions 

Pco8f)-t-P*sin|lo|l(cosp-f-|)sin|t)  — (ca6p-(-psin|))P.  ] 


pcosf)-f  {)*sin-^  — pfcos{l  + psln-^  j , 


are  cowpletely  valid,  the  following  transfcrws  are  inaccurate: 
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8.  Exaaples  of  the  realization  of  the  vixed  operators  *. 


FOOTNOTE  *.  The  significant  part  of  the  given  here  results  was 
obtained  together  with  N.  A.  Henzel.  ENDFOCTNOTE. 


a)  let 

x.(p)-vnF=^. 


Function  L (x)  -✓iTTi* 

has  a branch  point  in  z * tk,  but  is 
one-sheeted  in  z * which  is  for  it  sinple  pole.  Therefore 


(2.10S) 
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that 


Using  focnula  (6.457)  iron  [37],  we  can  write 


the  Bessel  function  of  ficst-ordec  of  apparent/inaginary 


acgnsent.  Then  fcon  (2.6)  we  obtain 


t 
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whence,  after  replacing  k by  ik. 


(2.112) 


b)  Let 


L(P)-<4«.  (2.113) 

Function  L (z)  * exp  (k/z)  has  essential  singularity  into  z 
is  regular  in  the  remaining  part  of  the  plane.  Therefore 


(2.114) 


and 


Va_(ii-cr'  V y V 

^ (*—1)1  l)l«l  ^ «1 


(«+l)l 


(2.115) 


' 1 ? ■ ■ 1.1  ™ 


nirrijr 


0 and 


Here  we  again  used  foraula  (6.  457)  fron  [37].  By  introducing  (2.115) 
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C 


in  (2.6)  and  by  taking  into  account  (2.114),  «e  will  obtain 

-b”  *«)■«■  <»■"*' 

Page  115. 


By  utilizing  the  foraula 

AfiiEU^SEa. 


(2.n7) 


and  after  fulfilling  then  integration  in  parts,  it  is  possible 
foraula  (2.116)  to  convert  to  the  fora 


(2.118) 


By  substituting  in  (2.116)  k on  - k and  by  taking  the  linear 
coabination  of  results,  let  us  find 

cli|-9«f(n)  + 


. * fA(2K*(n-C))~A(2K*(v^) 


w * 

•h^g.- 


(2.119) 


PAGE 


c)  iet  now 


L(P) 


(2.130) 


Function  L (z)  = exp  [ € (x  - 1 has  branch  points  in  z - 

tki  and  is  regular  in  the  reaaining  part  of  plane,  whereupon  l {-)  * 
1,  Therefore  its  expansion  in  the  vicinity  of  the  infinitely  receded 
point  will  take  the  fora: 


(2.121) 


Fage  t16. 


In  order  to  obtain  this  expansion,  let  us  sritc  first 


Then 


’y+ 1)1 


1 '• 

(,—V  *«+“*•)--  (_  1)-/I(te)‘'x 


I 

x-jsr-pwT- 


(2.122^ 


(2.128) 
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1 


9(V) 


i"+*^<p(C)dt.  (2.124) 


Therefore 


.|„-cy 


fiOdC. 


(2.125) 


1 

If  <p(t))  is  integrated,  then  the  entering  here  series  converge 
absolutely  and  evenly.  By  using  this,  it  is  possible  to  lead  the 
transf oreations  of  the  series,  as  a result  of  which  let  us  arrive  at 

(n)-  f(n)— 


(2.126) 


Tv-  ''V(n-;)(g-C  + 26)’ 
cr,  according  to  (6.451)  fros  [37], 


' ' Pa  |-K(ti-t)(ti-;+2|i 

■ - W},-  f 

..  >>u.^  - ‘ --*--5  's-  . 

, r < ‘ . ■.14- 


9(0  dC. 
(2.127) 


Page  117. 


Bearing  in  wind  that 


(2.128) 
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and  acting  on  both  parts  (2.127)  by  operator  r*W,  we  obtain 


Hence  it  is  possible  to  find  the  realization  of  the  different 
transcendental  operators.  For  example,  by  substituting  P,  by  ig , then 
cn  - it  and  by  store/adding  up  results,  let  us  have 


^10.  Separate  observations  about  the  operators. 

1.  Expansion  of  the  doaain  of  definition  of  operator. 

In  §5,  7 and  9 were  establish/installed  the  doaains  of 
definition  for  tha  regular,  singular  and  nixed  operators.  These 

I 

I 

I 

r 

I 
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I 

doaains  can  be  considerably  expanded*  if  we  use  the  aethod,  used  in 
§4.  By  coaparing  §4  with  §3*  S and  by  all  following,  it  is  possible 
to  plan  two  possible  approaches  to  the  construction  of  the  theory  of 
the  operators:  a)  is  assigned  concrete/ specif ic/actual  operation,  is 
located  analytical  expression  for  an  operator,  who 
realize/accoaplishes  this  operation,  and  are  investigated  his 
properties;  b)  is  assigned  analytical  expression  for  an  operator,  are 
investigated  its  properties  and  is  found  the  corresponding  to  it 
operation  (operator's  realization). 

I 

The  first  net  hod  is  only  casually  touched  upon  in  §4.  The 

advantage  of  this  nethod  of  the  introduction  of  the  operators  is  the 

considerable  expansion  of  the  doiain  of  definition  of  operator  to  its 

"natural"  boundaries,  which  depend  only  on  operation,  but  not  on 

operator.  But  if  we  now  use  the  fornulas  for  the  realization  of  the 

/or 

operators,  found  in  §6,  8 and  9,  and  to  take  these  fornulas  the 

deteraination  of  the  corresponding  operators,  then  for  the  donain  of 
deterainat ion  of  these  operators  it  is  possible  to  take  nany 
functions,  for  which  is  peraissible  this  operation.  Thus,  for 

Instance,  according  to  (1.246)*  by  doaain  of  definition  for  operator 

I 

I sln^/6  will  b«  not  bat  aany  functions,  integrated  along 

segaent  (n  — + 
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2.  The  equations,  by  which  satisfy  the  values  of  operator-functions. 

In  p.  8 §6,  it  was  shown,  that  the  values  cf  operator-functions 

satisfy  sose  differential  equations.  This  fact  can  be  interpreted 

even  by  another  forn.  Let  us  consider  that  in  equality  L (E,  8) 

[Th&n 

= » known  to  L ®.  — this  equality  is  be  certain 

equation  (transcendental  differential,  integrod if ferent ial  infinite 
order,  differential-difference  and  so  forth)  relative  to  unknown 
function  #.  The  fornulas,  similar  (1.254)  and  (1.256),  show  that  the 
right  side  of  this  equation  cannot  be  represented  by  arbitrary 
function. 

The  aforesaid  is  related  not  only  to  regular,  but  also  generally 
to  the  nixed  operators.  For  confirnation  let  us  consider  the 
following  of  two  exanples. 

a)  Let 

(i0“  T)*  (2*131) 

He  differentiate  with  respect  to  f 

<i.i» 

Differentiating  the  latter  froa  i)  and  taking  into  account  the 


4 
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validity  of  the  equality 


p. 


(2.133) 


let  us  find 


J.  «> 


■3i5ir’ 


/ 


Page  119. 


Proa  (2.131)  and  (2.134)  now  we  obtain 


0-0. 


b?  Le-t 


(2.134) 


(2.135) 


Kp*  + l*lf(n)“  ®(l.  »!)• 


(2.136) 


Me  differentiate  with  respect  to  E 

I ao 
‘ST* 


(2.137) 


Then 


138) 


Twice  by  differentiating  (2.137)  with  respect  to  g,  by  Multiplying 
(2.138)  by  - E and  by  store/adding  uf  results,  let  us  find 


(2.139) 


: 
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3.  So«e  identities  for  Bessel  functions. 

The  formulas  of  the  realization  of  the  singular  and  mixed 
operators  make  it  possible  to  establish/install  some  new  identities 
for  Bessel  functions.  Let  us  consider  two  examples,  based  on  the 
application/use  of  formulas  (1.390)  and  (2.107). 


The  expansion 


1 /e* 


(2.140) 


shows  that  operator  ~ singular,  an«<  KP*  + **  - nixed. 

That  means  these  operators  do  not  commutate,  but  in  accordance  with 
(2.67) 


Therefore 


-4P(n). 


DOC  = 77055307 


PAGE  ;xi^ 


(2.142) 


Page  120. 


After  fulfilling  differentiation  and  by  varying  the  order  of 

integration,  let  us  arrive  at  the  identity 

I 

f(0AI*(n-0«. 

(?.U3) 

where  e - arbitrary  function. 


i*(C-01Al*(n-Dl 


Further,  taking  into  account  (1,390),  (1.368)  and  that  that 


1 


i 


1 


WTf'WTf 


(1144) 


we  will  obtain 


I 


^ a 145) 
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whence,  in  particular. 


5 


/.*((H-C)I/.I*(C-Oldt--^— (2.146) 


4.  On  the  operators  L (a,  3) 


In  the  saae  way  as  this  was  done  for  the  operators  L (0)  , 
operators  L (a,  0)  , where 

• (2.147) 


or 

d m d 

it  is  possible  to  deteraine  by  the  forwula 

L(a.  A-* — 


(2.146) 


(2.149) 


here  L (z,  w)  is  analytic  function  of  two  coaplex  variables. 


the 


Page  121. 
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But  in  the  aethod  of  the  initial  functions  for  two-diaensional  tasks 
with  such  operators  barely  it  is  necessary  to  deal  (we  will  be  net 
then  only  in  §16).  Therefore,  in  no  way  by  affecting  the  theory  of 
the  operators  L (a,  ^)  , we  will  be  bounded  only  to  several  foraulas 
for  the  realization  of  such  operators.  These  foraulas  will  be 
obtained  froa  already  being  by  purely  foraal  way.  Of  the  authenticity 
of  results  it  is  possible  to  be  convinced  by  direct  checking. 

For  pclynoaial  operators  the  operator's  value  is  located 
directly,  for  exaaple, 

(2.150) 

For  exponential  operator,  according  to  (1.236),  we  will  obtain 

^ + *!)•  (2.151) 


Now  let  us  consider  operator  1/  (a  ♦ p) . Froa  foraula  (1.  352) 
with  n > 1,  let  us  have 


1 


(2.152) 


or 


f«)-  (2.153) 
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After  replacing  in  (2.152)  k on  a either  in  (2.153)  k on  p and  after 
taking  into  account  (1.251),  let  us  find 

>!)■■  a ^ *1)  — O^t  ••  Jf(l+C— 

^ (2.154) 

♦(t  n)  - — d,  ij)  - J (L  nX  - jf(^  n+C— OX 

. • (2.155) 


or 


Is  checked  forsula  (2.155).  He  have: 


Page  122. 


n+c-« 


(2.156) 


Hence  it  is  apparent  that  as  probably 

* (2.1S7) 

In  this  exaaple  it  is  evident  that  unlike  L~  (6)  the  singular 
operators  L~  (a,  6)  have  on  several  forss  of  realization.  So,  two 
representations  can  be  obtained  also  for 

♦ ftt  I®"*  (2*1®®) 

According  tc  ( 1.36  8) 

or 

fio*.  HIM) 
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kttmr  replacing  in  (2.159)  k on  « either  in  (2.160)  k on  6 and  taking 
into  account  (1.246)  let  us  find 


■sqrprfO.  n)-J~^c 


S J+«n-o 


" •4'  f f f (^.  0*. 


(2J61) 


or 


/ 

-iii 


n+/(l-fl 


f U.  ()<«• 


It  is  not  difficult  to  ascertain  that  fcr  both  expressions  it  sill  be 


(S.189 


J 

\ 
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Chapter  3. 

BBTHOD  OP  THE  INITIAL  FONCTIONS  FOR  TiO-DI HEHSICNAL  BOO NDA RT-V ALOE 
IROBLEHS. 


§71.  Cauch y ? roblea. 


The  present  chapter  is  dedicated  tc  bcundacy-value  probleas,  but 
for  a larger  clarity  first  uill  be  in  detail  exanined  Cauchy's 
eleaentary  problet  (about  vibration  of  infinite  string). 


Let  the  function  in  half-plane  0 < (<  Mi— «e<i|+<'S 

satisfy  the  equation 

^ dht 

® " const.  (S.I) 

Let  us  naae  boundary  f * 0 initial  line  (Fig.  1).  On  it  they  can  be 
assigned/prescribed:  function  and  its  noraal  derivative,  i.  e. , 


(3.2) 


Let  us  call  these  values  the  initial  functions.  The  value  of  function 
u at  each  point  of  doaain  depends,  on  one  hand,  on  the  coordinates  of 
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this  point,  and  with  another,  on  the  initial  functions.  Dependence  of 
u on  f and  i|  is  expressed  by  usual  functional  dependence. 

D«p«Ddence  u on  Dq  and  Oj  is  nore  coupler:  it  is  possible  to  count 
shat  result  of  the  action  of  sose  operators  above 

functions  Oq  and  U|.  Accordingly,  let  us  seek  solution  in  the  fors 

P)U,Wt  + L,(!i.  P)t/i(n).  (3-3) 

Lo  and  L|  - to  be  deternined  of  operator-function. 

Let  us  substitute  (3.3)  in  (3.1),  after  explaining  preliainarily 

the  aethod  of  differentiation  of  the  values  of  operator-functions. 
According  to  (1.149)  or  (1.315) 

<3.4) 

ao^n  the  strength  of  the  deteraination  of  the  operator 
^ [^(l.  P)0 (n)j  - p*L(6.  p)(/(n) - 9N.) {t/(n)).  (3.5) 

Therefore  froa  (3.  1)  we  will  obtain 

*3^ (3.6) 
or 


(17) 
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Pig.  1. 

Key:  (1)  . Initial  lines. 


Page  124. 

Functions  Oq  and  Oj  are  independent  (for  exaaple,  retaining  Oo,  it  is 
possible  arbitrarily  to  change  Uj) , and  this  aeans  that 

j " 0.  /-•O,  1.  (3.8) 

Here  Do  0|-are  arbitrary  functions.  Hence  in  accordance  with  the 
deteraination  of  zero  operator  (page  28)  let  us  have 

^-aVt/-0.  (3.9) 

Integrating  these  equations  (see  Section  d«  page  53) » we  find 

40.  + 4iAa|P.  £,({.  9)-i4|diaCA  + AiAal^. 

/a  10) 
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For  deteraining  constants  (operators)  Af  and  B/  1st  os 
introduce  (3.3)  in  (3.2): 

u,(H)  - /^(O.  P)(/,(n)  + (0.  P)t/i(iD. 

(/•(H)  + -^  t/»(n).  (3.11) 


whence  (again  talcing  into  account  independence  Uq  and  0|) 

P)  - I,  Li{0.  P)  - 0,  (3,12) 

^0  Ik.  .1 


But  hyperbolic  operator-functions  possess  the  properties  of 
usual  hyperbolic  functions;  therefore  froa  (3.10)  and  (3.12)  we  will 


obtain : 


^-1  ^,-0. 

BjflP  0,  Biop  — 1. 


Hence«  after  aultiplying  the  last/latter  equality  to  the  right  on 
VO,  let  us  find  O.H, 


and,  therefore. 


^(1.  P)-cba|p.  1,(1.  P)- 


Page  125. 
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After  substituting  these  expressions  in  (3.3),  let  us  have 

•*))  ■■  cha{p(/*(*i)  + (3»I6) 

If  the  initial  functions  are  assigned/prescribed: 

(are  known  the  dexiations  of  string  and  speed  of  its  points  to  zero 

tile),  then  of  (3.16)  we  will  obtain  the  solution  of  problen  in  the 

operational  fora  ihaAB 

«a.  »«)-chatf9(»l)+-=^t(n)-  (3.18) 


In  order  to  pass  of  operational  forn  to  usual,  it  is  necessary  to  use 
the  obtained  in  the  first  chapters  foraulas  for  the  realization  of 
the  operators.  So,  after  using  (1.237)  and  (1.245)  to  (3.18),  let  us 
arrive  at  d*  Aleabert's  known  foraula 

«(t  n)- Y + + + ♦(C)dC.  (3.19) 


In  this  task  operators  Lo  and  Lj  were  obtained  regularly,  so 
that,  strictly  speaking  (p.  2 §5),  the  initial  functions  aust  belong 
to  class  However,  by  taking  into  account  the  aforesaid  in  p. 

1 §10  and  §4,  it  is  possible  to  claia  that  during  function  Oo  and  0| 
is  superisposed  the  only  lisitation:  they  aust  allow/assuae  the 


COC  « 77055307 


PAGE 


c^erations,  detRcained  by  focaula  (3.19). 


§12.  General  solution  of  tuo-d iaenslonal  boundary-Talue  problea. 


Let  the  unknown  function  u ((,  t|)  in  rectangular  doaain  0 $ ( ^ 
1,  0 ^ f|  ^ X (Pig*  2)  satisfy  equation  in  particular  derived 

n)) -/(t  n).  (3.20) 


where  £ - assigned  function,  D - the  assigned  differential  operator 
cf  order  n.  Let  us  consider  that  this  is  operator  with  constant 


coefficients,  i.  e.. 


Let  us  take  boundary  e - 0 for  the  initial  line.  On  it  can  be 

assigned/prescribed  the  functions 


/■»  0,  ’1,  (3.: 


or  the  Baking  deternined  physical  sense  linear  conbinations  of  these 


functions 


./-O.  1 ii-l  (3.33) 


(for  exaaple,  with  the  curvature  of  plate  such  linear  coabinations 
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they  will  be  the  boundary/edge  bending  aoeents  and  the  given 
transverse  forces)  . 

Page  126. 

Id  both  cases  let  us  naae  the  initial  functions  and  let 

us  consider  that  the  unknown  function  is  the  "function" 

of  these  initial  functions.  Accordingly  the  general  solution  let  us 
seek  in  the  torn  ^ 

« (S-  n)  - W ^/<n)  -h  u,.  (3.24) 

Ht 

H«re  MI.P)—  to  be  deter ained  of  operator-function,  a Uf—  the 
particular  solution  to  equation  (3.20),  whereupon  such,  which  turns 
on  the  initial  line  into  zero  together  with  its  derivatives  to  (n  - 
1)  th  order  inclusively,  i.e., 

-^1^-0.  «-0.  I a-1.  (3.25) 

Solution  (3.24),  is  naaed  coaaon/general/total  in  the  sense  that 
it  is  not  connected  with  specific  boundary  conditions. 

Row  it  is  necessary  to  substitute  expression  (3.24)  into 
equation  (3.20).  Preliainarily  let  us  note  that,  according  to  (1.141) 
and  (1.315),  ^ ^ 

p*l^(6,  P)(/(n))-P‘i^(l.  P){(/ (»!)). 


PAGE 
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whick  aMns 


K«y:  41).  Initial  line 


But  the  initial  functions  are  independent  (each  of  thee  can  be 
assigned/pcesccibed  independent  of  others)#  therefore# 


Since  the  initial  functions  are  arbitrary#  this  neans  that  standing 


in  brackets  operator's  valae  on  by  arbitrary  function  is  equal  to 
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zero,  and  this  is  possible  only  in  such  a case,  when  operator  hinself 
zero  4see  page  28)  , i.  e., 

P>"0*  * (3-30> 

Thus  we  obtained  n of  the  ordinary  differential  equations  of  the  n 
crder  with  constant  coefficients  for  the  unknown  operator- functions. 

Obviously,  it  is  necessary  to  still  dispose  of  conditions  for 
deteraining  n*  integration  constants  (this  will  be  also  the 
operators),  in  order  to  obtain  them,  let  us  substitute  (3.24)  in 
43.22)  : 

I 

4/.(n)-^ 


d^L, 

dV 


UiirH.  «-0.  1 n—l.  (3.31) 


Hence,  again  keeping  in  aind  the  independence  of  the  initial 
functions,  we  obtain 

!^\  -V.  «./-0.  1 n-l.  (3.32) 

dl  lu.0. 


where  6,/—  Kronecker's  symbol.  But  if  as  the  initial  functions  are 
accepted  expressions  (3.23),  then  instead  of  (3.31)  it  will  be 


/(n). 

(3.33) 
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whence 


S-t 


a,*;  /.  *-  0.  1 n— I. 


(3.34) 


1-0 


Page  128. 


By  integrating  now  eguations  (3.30)  under  initial  conditions 
(3.32)  or  (3.34),  let  us  find  all  operators  entering  in  (3.24),  and 
consider  that  is  concealed  by  fora  the  general  solution  constructed. 
As  concerns  particular  solution  Uf,  about  its  deternination  it  will 
go  speech  in  §16. 


In  aany  instances  of  value  (3.23)  they  nake  sense  and  are  of 
interest  not  only  on  boundary,  but  also  at  the  points  of  doaain.  Then 
it  is  expedient  soaewhat  to  aodify  notations.  Let  us  write  the  basic 
systea  of  the  differential  equations: 


0(0.  P){«(t.  V). 

1^1 

«/«.  n)-  2-  ••• 


l.  (3.35) 


Cf 
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Let  us  select  as  the  initial  functions 

* -r  * 

i//-  (/,(n)  - «/(0.  fO.  («•-«).  / - 0.  1.  2 «-  1 

✓ 

\ 

and  seek  the  general  solution  in  the  fora 

uit  n)-^a.  P)t/.(n)  + ^^.(l.  P)i/.(»i)  + ...+ 
+ ia.  ii-i  (6.  P)  (*1)  + 

«i «.  n)  - ilo  ft.  PXf/o  (n)  + ill  ft.  P)  t/i  (n)  + . . . 

,+  i|,  n-l  ft.  P)  (t))  + f/l/. 


“n-i  ft.  ^l)  “ aft.  P)^^•^’^)  + i^i.  I ft.  P)i^i  (<d  + • 

+ ili-i.  ii-i  ft.  P)  u»-.i  (n)  + 


Bece  U)  it  makes  previous  sense*  and 


After  substituting  (3,37)  in  (3.35),  we  will  obtain 
cf  the  ordinary  differential  equations 

fWa.  B-ft 

t»(i.  b-2**  , , , »*• 


% 0*  it  ...tS  1.  /™lt  2,  «ttt^  *“  it 


(3.36) 


• + 
(3.37) 


(3.38) 


the  systea 
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Mhile  after  substituting  (3.37)  in  (3.36)  we  will  obtain  the 
necessary  for  deteraining  n*  integration  constants  initial  conditions 

L(t(0.  p)  > 6,*;  /,  * - 0.  I n — 1.  (3.40) 


Page  129. 


After  performing  integration*  let  us  find  all  operators,  and 

also,  therefore,  let  us  construct  the  general  solution.  Expressions 
(3.37)  can  be  naaed  the  canonical  equations  of  the  nethod  of  the 
initial  functions  or  the  canonical  fora  of  general  solution. 

Here  ae  are  liaited  to  the  probleas,  stated  for  a rectangular 
domain  and  by  the  described  differential  equations  in  partial 
derivatives  with  constant  coefficients.  If  domain  rectangular,  but 
the  initial  equation  has  variable  coefficients  (i.e.  is  solved 
problea  in  orthogonal  curvilinear  coordinates  for  the  domain,  limited 
by  coordinate  lines),  then  in  many  instances  of  complication  concerns 
only  equations  (3.30)  and  (3.39)  - this  will  be  ordinary  differential 

I 

I 

« 

I 
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equations  with  variable  coefficients.  Exaiples  of  such  solutions  will 
be  exaained  into  §§17  and  20. 


§13-  Satisfaction  to  boundary  conditions.  Resolving  equations. 


If  we  the  differential  operator  D (a,  fi)  hyperbolic  and  in  the 
task  in  question  eat  the  only  initial  conditions,  then  all  the 
functions  u/(t|)  are  known  and  expression  (3.24)  it  gives  the 

ready  solution  of  problen,  written  in  operational  fora  (analogous  to 
(with  3.18)).  By  realizing  operators,  let  us  arrive  at  the  usual  fora 
c£  solution. 


More  coaplexly  is  natter  in  the  case  of  boundary-value  problea, 
when  not  all  n of  conditions  are  assigned  on  the  initial  line; 
certain  nuaber  N of  conditions  is  related  to  opposite  boundary  of  the 
region  (f  = 1)-  if  as  the  initial  functions  are  accepted  expressions 
(3-23),  then  this  aeans  that  n - N initial  functions  will  be  known 

/-O.  I. ....  h-n- i,  (3.41) 


^ I of  fnnctions  (/,  (j  * n > ■»  n • N ♦ 1,  n — 1)  they  will 


reaala  onknowas.  lith  even  n asually  I ■ O.Sa. 
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Conditions  at  edge  <;  = 1 take  the  saac  fora 


1.  ^ »<i  *’  * * * ’ " 


— ^ (3.42) 

since  as  initial  are  selected  the  functions,  uhich  sake  in  this  task 
concrete/specific/actual  physical  sense.  Outside  In  (3.42)  function^/ 
froa  general  solution  (3.37),  we  will  obtain  for  unknown  initial 
functions  systea  N of  the  equations,  written  in  the  operational  fors: 

+ u,,-i/(I.  T|)- /•a  — A(.  a — 1 a— 1 (3.44) 


— N,n  — N+l a— 1,  (3.44) 

where  V/  known  functions. 


Depending  on  that,  in  which  fora  ate  here  written  the  operators, 
to  this  system  it  is  possible  to  give  the  different  interpretations; 

1)  if  the  operators  are  given  in  the  closed  fora,  then  this  it 
will  be  the  system  of  transcendental  of  ordinary  differential 
equaticns; 


2)  if  the  operators  are  decoaposed  in  series  and  aoreover  are 
regular,  then  will  te  obtained  the  systea  cf  the  ordinary 
differential  equations  of  infinitely  high  order;  if  the  operators 
aixed  - that  is  the  systea  of  the  integrod if f erent ial  equations  of 
infinitely  high  order; 

3)  if  the  operators  are  realized  by  the  foraulas  of  chapters  1 
and  2,  then  this  there  will  be  the  systea  of  soae  functional 
equations  (final  integrod if ferential,  difference, 
differential-difference) . 

For  finding  the  particular  solutions  of  a heterogeneous  systea 
it  is  necessary,  obviously,  to  use  that  treataent,  which  faster  leads 
to  the  result:  if  polynoaials,  then  p.  2,  if 

exponential,  tr igoncaetr ic  or  hyperbolic  functions,  then  p.  1 or  3. 

As  concerns  the  detera ination  of  the  general  solution  of  unifora 
systea  (3,44),  everywhere  subsequently  we  let  us  adhere  to  the  first 
inter pre ta  tion. 

The  integration  of  unifora  systea  (3.44)  can  be  carried  out  by 
several  aethods.  Subsequently  for  this  purpose  is  applied  the 
resolving  function 

! 
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Page  1i1. 


let  us  place 


•“»' 


where  the  operator,  which  will  te  obtained  as  a result  of 

expansion  of  a deterainant,  which  is  the  cotactor  of  cell/eleeent 
in  the  deterainant  of  systea  (3.44).  Then  will  be 


and,  therefore,  the  left  sides  of  all  equations  (3.44),  with  the 
exception  of  the  latter  (j  = n - 1),  they  will  becoae  zero  with  any 
V(n).  By  substituting  now  (3.45)  in  this  last/latter  equation,  we  will 
obtain  equation  for  deteraininq  the  resclwing  function 

(3.46) 

Let  us  naae  it  the  resolving  equation. 


In  the  overwhelaing  aajority  of  the  real  tasks  of  the  theory  of 
elasticity  (yes  even  generally  aatheaatical  physics)  all  operators, 
entering  general  solution  (3.37),  turn  out  to  be  regular.  But  then 
regular  will  be  operator  L. 
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The  resolving  eguaticn  allow/assuae  three  noted  above 
interpretation.  By  adhering  to  the  first  of  then,  let  us  consider 
that  (3.46)  this  transcendental  ordinary  differential  eguation  *, 
thereupon  vith  constant  coefficients.  Its  solution  logically  to  seek 
in  the  fora 


(147) 


FCCTNOTE  *,  Examples  of  other  treatments  are  brought  in  523. 
EHDPOOTNOTE, 


Outside  (3.47)  in  (3.46)  and  after  taking  into  account  (1.192),  let 
us  arrive  at  the  transcendental  characteristic  equation 


!.{*)- 0. 


(148) 


Generally  speaking,  it  has  an  infinite  multitude  of  complex  roots. 
Therefore 

V(i|)-f  (149 


where  A, 


arbitrary  (complex)  constants.  This  expression  is 
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written  for  that  case,  when  all  roots  of  equation  (1.48)  simple.  But 
if  be  and  multiple  roots,  then  in  (3.49)  it  is  necessary  to  introduce 
the  appropriate  polynomial  factors. 


by  substituting  now  (3.49)  in  (3.45),  and  then  result  in  (3.37), 
let  us  find  the  unknown  functions  in  the  form  of  series  with 


arbitrary  coefficients. 


2 j < 


Page  132. 

Coefficients  must  be  determined  from  boundary  conditions 

mt  edges  H-»X: 


s,(ttD-f,(l.0)  + 2 ! 2 

<"0  I J I (3>51) 

«<  ft.  M M -f- 2 j L ®|  “ ^ ® ■ 


If  set  of  functions 


®«/ft) 


is  orthogonal,  then  it  is  possible  to 


find  everything  Aw'  as  a result  of  which  we  will  obtain  precise 


the  solutions  to  task;  but  if  functions  <l>i«ft) 


are  not 


orthogonal,  then  solution  it  will  be  that  which  was  approximated  - it 
accurately  it  satisfies  equations  (3.35)  and  to  conditions  at  edges  C 
« 0 and  ^ ^ but  to  approximate^boundary  conditions  at  edges  t)>-0 
and 
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As  concerns  the  deternination  of  the  approximate  value  of 
coefficients,  here  possibly  application/use  of  the  different  methods: 
■irieization  of  the  root-mean-square  deviation,  collocation  (point  to 
satisfaction  of  boundary  conditions),  ort hogonalization  of  a series 
with  respect  to  any  set  of  functions  { p ( x)  ) (specifically,  the 
application/use  of  a method  of  torgue/mcments) # etc.  The  first  method 
( lini lization)  must  give  tetter/best  for  the  taken  into  consideration 
quantity  m of  the  terms  of  a series  of  result,  tut  it,  as  a rule,  is 
con jugate/ combined  hith  cumbersome  calculations.  Collocation  with 
small  m usually  gives  the  sharp  bursts  between  the  points,  where  the 
conditions  are  satisfied  accurately  a with  large  m it  leads  to  the 
strongly  oscillatory  functions.  To  fair  results  it  leads  the  method 
cf  orthogonalization,  but  only  in  such  a case,  when  successfully  (for 
the  task  in  question)  is  selected  system  { p (x)  ).  According  to  our 
opinion,  most  rapidly  conducts  to  target/purpose  the  following 
method:  let  us  write  conditions  (3.51)  in  the  form 

/..(6)-«/a.0)-Pe(0-0-|  (3.52) 

is  decomposed  functions  fidfi  mnd  ^^(0  in  series  according  to 
degrees  C 

+ (3.53) 


i ’ 
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either  (1  - C) 


+ + + (3-64) 

4 

9i\dl 

X let  us  find  i4j,y.  by  equalizing  zero  several  first  coefficients 
of  series  (3.53)  or  (3.54).  Bxanples  of  the  application/use  of  this 
■ethcd  are  given  in  chapter  5. 


In  conclusion  let  us  note  that  if  the  task  possesses  explicit 

synaetry,  then  the  initial  line  expedient  tc  chcose  on  the  axis  of 
eyieetry. 

Page  133. 


§14.  Deter aination  of  the  roots  of  transcendental  characteristic 
equations. 

One  of  the  bulky  stages  in  the  solution  to  specific  probleas  is 
the  detera ination  of  the  roots  of  transcendental  characteristic 
equation  (3.48).  This  unwieldiness  is  connected  with  the  fact  that 
equation  (3.48)  has  infinitely  aany  coaplex  roots.  In  the  literature 
are  sufficiently  widely  illuainated  both  aethods  of  the  calculation 
of  these  roots  and  the  general  theory  of  transcendental  equations. 
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Therefore  here  we  will  pause  briefly  only  at  some  practical 
questions.  Conventional  is  the  preliminary  determination  of 
approximate  values  of  k graphic  or  tabular  method,  and  then  the 
refinement  of  roots  according  to  Newton's  method.  The  research  of 
approximate  values  is  facilitated,  if  it  is  possible  to  obtain 
asymptotic  formulas  for  roots.  Are  most  common/ qeneral/tot al  results 
on  this  question  are  given,  apparently,  in  [33],  chapter  3. 

However,  in  concrete/specific/actual  cases  it  is  possible  to 
find  the  iterative  methods,  which  ensure  mere  rapid  than  from 
Newton's  method,  the  convergence  of  the  process  successive 
approximation  and  the  more  light/lung  determination  of  asymptotic 
roots.  As  an  example  let  us  examine  the  equation 

tinx-vt.  w>0.  p.56) 

Obviously,  if  z is  a root  of  this  equation,  then 
also  will  be  roots.  Therefore,  after  assuming 

we  can  count  x,  y > 0.  Let  us  divide  in  (3.55)  in  natural  and 
apparent/imaginary  part 

•inach^avjc.  (3.57) 

coaxshy-v^.  (3.58) 

In  order  to  find  real  roots,  let  us  place  y 0.  Then 


- z,  z and  - z 

(3.56) 


ainx  i>  v«, 


(3.59) 


4 
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a curve/graphs  (Fig,  3)  it  shows,  that  with  v>l  there  are  no  real 
roots,  and  with  v<  1 will  be  one  or  several  real  roots. 

Let  now  x = 0 and,  consequently, 

sh  y ■>  . (3.60) 

Froa  curve/graph  (Fig-  4)  it  is  evident  that  with  '''<1  there  are 
no  pure  inaginary  roots,  and  with  v>3  there  will  be  one  such 
root. 

Further  let  us  present  (3.55)  in  the  fora  of  the  series 

(I—V)*  — (3.61) 

Page  134. 

H«nce  it  is  apparent  that  with  1 equation  (3-55)  has  idle  tiae, 
and  with  ''"1  the  triple  root  z = 0. 


Let  us  pass  to  the  detera ination  of  coaplex  roots.  From  (3.57) 
and  (3.58)  it  follows  that 
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tr 


ch  y 

liith  sufficiently  large  and  therefore  the  approximate 

(asymptotic)  value  x will  be 

(3.63) 

Introducing  this  expression  in  (3.57),  we  obtain 


«nx,a«  1 , 


(3.64) 


whence 


*,-.y(4i+l).  «-0.  1.2 


(3.65) 


Then  from  (3.62)  the  precise  value 

*•--5(4*+ 1)  — 6t.  *-0.1.2 (3.66) 

where  A,  - generally  speaking,  small  number. 

The  minimum  value  s depends  on  value  v.  Let  us  estimate  *■** 
Proa  (3.63)  and  (3.65) 


chy,- v.j(4f+  1). 


(3.67) 
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Pron  (3.66)  it  escape/ensues 

dnM,^coti„  cos«,«aind,.  (3.69) 


Then  froa  (3.57) 


a froa  ( 3.  58) 


‘•■•"•‘“(ait)’ 


After  substituting  (3.66)  in  (3.70),  and  result  in  (3.71),  we  will 
cbta in 


A, » arcsin 


w«  fch  ■ , 

[cos  A 


-(|(4.+ ■)-».) 


(3.7^ 


Iterational  process  due  to  this  formula  rapidly  leads  to  the 
sufficiently  precise  values  of  roots  (see  §24).  Analogous  foraulas 
can  be  obtained  also  for  other  transcendental  equations.  But  if 
obtaining  a similar  formula  turns  cut  to  be  difficult,  then  is 
applied  Newton's  method.  In  this  case  the  convergence  of  process  can 
be  somewhat  accelerated. 

Let  us  write  equation  (3.55)  in  the  form 


/(f)««  sins  — wf  « 0 


(3.73) 
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and  designate  by  Zq  the  initial  approximate  value  of  root,  but  by  Z| 
- refined.  Then  by  Newton's  formula 


A.  . /(X.) 

v-co«kT' 


Eage  136. 


This  formula  can  be  obtained  by  the  method,  which  slightly 


differs  frca  conventional.  Let 


•io  u. -f  Ax)  — W (2,  4.  Ax)  . 0 . 


■lni».eoaA«  + coiflrilnAi  — w(f,  + Ai)«»0.  . j0.76) ' 


After  assuming  here 


OM  Az  * 1 • *in  Ax  ■■  Ax  I 


let  us  arrive  at  (3.74).  But  if  we  take 


C08Ax-1->^,  KnAx-iAx. 


that  more  precise,  than  for  (3.74),  value  Az  will  be  located  as 
smaller  in  the  nod ule/modulus  of  the  root  of  the  quadratic  equation 

?i^(Ax)*  + (w— coxxjAx  — (xlnx,  — wx,)«0. 
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§15.  Solution  of  V.  Z.  Vlasov. 


Let  us  take  the  second  of  three  noted  on  page  131  treatients  of 
systea  (3.44)  ae  will  be  bounded  in  the  expansions  of  the  operators 
by  several  first  aeabers.  Then  (3.44)  it  is  converted  into  the  system 
of  the  ordinary  differential  equations  of  the  final  order.  By  its  it 
is  possible  to  integrate  usual  aethods,  including  the  introduction  of 
the  resolving  function.  By  accepting  as  before  (3.45) , let  os  arrive 
at  resolving  equation  (3.46),  which  now  will  take  the  fora 

(P"  + C,p-^'  + ...  + C,_,P  + C,0?(»l)-O.  (3.80) 

After  integrating  it,  let  us  arrange/locate  a the  constants,  which 
will  perait  to  satisfy  a conditions  at  edges  'I  ■■0  and  g "-X.  As  a 
result  is  obtained  the  solution,  which  it  satisfies  only 
approxiaatel y both  the  initial  differential  equations  and  all 
boundary  conditions.  Then  in  this  case  is  decreased  the  voluae  of 
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coiputat ional  work. 

This  nethod  coincides  actually  with  the  fact,  that  was  proposed 
to  V,  Z.  Vlasov  for  the  solution  of  the  three-dimensional  problem  of 
elasticity  theory.  Actually,  searching  the  solution  to  equations 
(3.35)  in  the  form  (analogous  to  (with  0.26)) 

ft.  n)  - + 5 + • • • *> 

and  entering  further  in  the  manner  that  it  was  described  on  page  15, 
we  will  arrive  at  thereby  (truncated)  operators  and  resolving 
equation  (3.80). 

This  method  of  solution  is  used  to  axisymmetric  thermoelastic 
task  in  the  article  [23].  To  the  described  aethcd  expediently  to 
resort  when  the  construction  of  general  solution  (in  essence  the 
integration  of  system  (3.44))  causes  considerable  difficulties. 
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|V. 

Chapter  4. 


SORE  GENERAL  SOLUTIONS. 

In  chapter  4 are  given  examples  of  the  construction  of  general 
solutions  for  soae  tvo-diaensional  tasks  of  the  applied  theory  of 
elasticity  in  accordance  vith  the  plan/layout,  presented  in  612. 
General  solution  (3.37)  contains  the  uniforo  part,  expressed  by  the 
tens  of  fora  i>/, (£.P)a,(ii).  and  a heterogeneous  part  (conponent 
connected  with  particular  solution  nonhonogeneous 
differential  equation  (3.35).  First  uill  be  exaained  a heterogeneous 
part  of  the  general  solution. 

§16.  On  the  particular  solution  to  nonhonogeneous  differential 
equation. 

Let  it  is  required  to  find  this  sclution  "f  tha  equation 


(where  the  differential  operator  D (a,  fi)  it  is  deterained  by  foraula 
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(3.21)),  which  on  the  initial  line  satisfies  conditions  (3.25). 

If  we  write  foraally 

that  question  will  he  reduced  to  operator’s  realization  V(b  (a,  3)'j 
abcve  the  function  For  this  purpose  it  is  necessary  to 

use  p.  4 §10.  As  it  is  there  noted,  singular  operator  1/1|)  (a,  8))  has 
several  forms  of  realization.  It  is  necessary  tc  select  that  (if  it 
exists),  that  ensures  satisfaction  of  conditions  (3.25).  Floreover 
(s  ince  expression  (4.2)  it  is  obtained  forsally)  necessary  to  check, 
really/actually  the  obtained  function  is  the  solution  to 

equation  (4.1).  Let  us  consider  several  exanples. 

1.  The  equation  of  Poisson  in  Cartesian  coordinates  is  snch: 

A«-||i  + ^-/(|.*|).  ^ (4.3) 

Page  138. 


Here 


and,  according  to  (2.162)« 
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Dif fecentiating.  Me  find 


- -f  j*  i/u.  ^ + <a  - 01 + /If.  n -/a — <)i)  A. 

K - {/If,  n + f « -01  - /!/.  n - /ft -oj)  df , 


(4.6) 


Hence  it  is  apparent  that  expressicn  (4.5)  satisfies  both 
equaticn  (4.3)  and  to  the  conditions 

(4.7) 


2.  Equation 


. -,64m  , 

^ + i*5jji-/(l.n). 


(4.8) 


Conpacinq  this  equation  uith  (4.3),  we  see  that  for  obtaining  «f  is 
sufficient  in  (4.5)  to  replace  i on  ix 


I 


(4.8) 
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3.  Equation 


Page  139. 


+ 3t*S-/tt.n).  (♦•JO) 


Here 


■* 


Therefore,  twice  by  applying  foraula  (U.9) , we  will  obtain 


Eleaentary,  but  sufficiently  bulky  checking  shows  that  this 
expression  it  satisfies  both  equation  (U.  10)  and  to  the  conditions 


-0.  0<»  + ii<3. 


and  in  accordance  with  (3.37)  seek  the  general  solution  in  the  fora 

«(Ln)  — + . (4.15) 

^ n)  - ^ (E.  P)  </•  (n)  + tu  ^ P)  c/i  (n)  + Mv  • (4  • 1 6) 


,.fl<l>M0«  auM/,. 
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After  selecting  as  ui  ezprassion  (4,5)  and  after  substituting 
(4.15).  in  (4.13),  let  us  arrive  at  equations  (3.30) 

+ /-O,!.  5^^'^(4.17) 

H«nce 

According  to  (3.32) 

-0.  £«(0.n-0,  I.- (4.18) 
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Therefore 

LmmOOsUI.  •**  ^1^^  • 

Differentiating  (4.15)  with  respect  to  € and  ccapatinq  result  with 
(4.16),  we  f ind 

Lm- — ^ainUt.  Lu-cob{A.  (421) 

Thus, 

dt  r /(/.OdC. 

(4.22) 


2.  Polar  coordinates  (initial  line  is  curvilinear)  . 

function  u (p , 0)  in  region  \ p 4 1,  0^0^  (Pig.  5) 
satisfies  the  equation 


I 

I 

I 

I 


Here  p is  a diaensionless  radius  (radius,  referred  to  an  outside 
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0 

radius).  Let  us  take  for  the  initial  line  external  arc  (p  = 1),  and 
for  the  initial  functions 

let  us  find  out  the  general  solution  in  the  fori 

U (8. 6)  - L,  (8.  P)  f/,  (•)  + U (8.  P)  4/,  (8)  + «,* , , (4.25) 

lihere  larkedly 

‘’  38*  (4.26) 

FOOTNOTE  *-  In  this  simple  case  there  is  no  need  to  retain  the  dual 
indexing  of  the  operators.  ENDFOOTNOTE. 

Substituting  (4.25)  in  (4.23)  (see  (3.29)),  we  will  obtain 

Page  141. 

Hence 

-f  # (4.28) 


DCC  = 77055308 


PAGE  255" 


Fron  conditions  (see  (3.32))  with  p = 1 


L,-0.  . (4.21^ 


ve  find 


Ci  , 1 1 

— — ^1  — ^ ■ 


(4^ 


Consequently, 


and 


;*'v 


(4.31) 


II  (0.  •)  - cos  (p  In  Q)  U,  (•)  + »I.IL(P^»nq)  j/,  (j)  ^ . (4^ 


.32) 


As  concerns  particular  solution  IL^  it  it  is  possible  to  obtain  and 
directly  from  (4.23),  but  simpler  to  use  given  in  the  following 
point/iten  formula  (4,43).  Set/assuming  in  it 

(*lnQ.  / — Inr  (4.33) 


and  taking  into  account  (4.41)  , we  obtain 


1 I* 

' wtot 


(4.34) 


It  is  not  difficult  to  ascertain  that  this  expression  satisfies 
equation  (4.23)  and  to  the  conditions 


DCC  = 7705‘i308  PAGR  ^ C 

.0.  (4.35) 

In  accordance  with  (1,  238)  and  (1.246)  the  general  solution  can 
fce  written  in  the  forn 

1 •T' 

+ +5"  I + (4.36) 

•-Iiii* 

V k 

3.  Given  polar  coordinates.  Conversion  of  independent  variable. 

|i>lne,  Q-i<»  (4.37) 

it  translate/transfers  the  region,  depicted  on  Pig.  5,  into  the 
rectangle  of  Fig.  6. 

Page  142. 


In  this  case 
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-2^7 


and  Laplace's  operator  (4.23)  will  pass  in 


Therefore  instead  of  (4.23)  let  us  have 


- V,  . 


(4.4<1) 


vhere 


/i(t»)-PV(P,  6) -.()»/(#,  J).  . (4.4IJ 


Equation  (4.40)  coincides  with  (4.13).  Consequently,  accordingly (4.22) 


I ft.  •)- c«  »(/,(!)  + ^ , 


(4.42) 


where 


( /i(r.04C, 


(4.43) 


(/,•(/,(•) -11(0.1).  t/i-C/|(*)-  tL  . (4.44) 


j 


The  general  solution  can  be  written  also  in  the  fori 


1441 


I 


I 
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Expression  (4.43)  satisfies  equation  (4.40)  and  to  the  conditions 


“/(ft 


’’-t'L- 


0. 


(4.46) 


Let  us  select  nou  the  initial  line  on  the  axis  of  abscissas 
(Fig.  7).  The  initial  functions  they  will  be 


(5) -« (6.0).  (/i-(/i(6) 


(4.47) 


Since  equation  (4.40)  is  synnetrical  relative  tc  variables  E and  a, 
for  obtaining  general  solution  in  this  case  it  suffices  to 
interchange  the  position  E and  9 in  (4.45),  (4.42)  and  (4.43)  and  to 
replace  p by 

^ «( 

• «-48) 
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'plus  will  be 


-at  W.O)  + 


cr 


I 
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and 


(4^1) 


The  last/latter  expression  satisfies  equation  (4.40)  and  to  the 
conditions 


(4.S2) 


4.  Polar  coordinates  (initial  line  is  rectilinear). 


In  p.  2 Mas  obtained  general  solution  when  the  initial  line  was 
the  external  arc  boundary  of  the  region  (see  Pig.  5).  If  we  for  the 
initial  line  take  one  of  the  radial  boundaries  (Pig.  R) , then  the 
corresponding  general  solution  can  be  easily  obtained  frow  forwula 


(4.50) 


^ ' (4.«> 
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Fi9-  6-  Fig.  7. 

Fig.  6. 


Key:  (1).  Initial  line. 

Fig.  7. 


Key:  ( 1)  . Initial 


Fig.  8. 


Key:  (1)  . Initial  line. 
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I 


\ 
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^2(^0/ 


Fot  **•  after  producing  in  (4.51)  the  replaceecnt 

C-lBi;  (4.64) 

it  will  have 

u,- a j T/  (t,  /)  rft.  ■ . V (4^ 

The  last/latter  expression  satisfies  equation  (4.23)  and  to  the 
conditions 


-0. 


§18.  Two-diaensional  problea  of  elasticity  theory.  Thereoelast ic 
task. 


Let  us  consider  the  rectangular  plate  (Pig.  9)  of  thickness  S, 
which  experience/tests  state  of  plane  stress  of  the  action  of  loads 
on  outline/contour  and  the  vertical  vclune  forces  q (kg/ci^).  To  Pig. 
9 are  shown  the  positive  directions  of  the  appearing  in  plate 
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voltage/atresses  " V and  displaceaent/aoTeient  s u and  v. 

Are  introduced  the  diaenslonless  coordinates 

t-f  n-i  (x-l)  («•«) 


and  the  diaensionless  static  and  geoaetric  values 

- 0.  _ 


O _ fl 


.-T.  "-T  ''-V  ’“TT'- 


Complete  systea  of  eguations  for  state  of  plane  stress  takes  the 


do  dr  ' "dr  do  _ 


■ tir“V  .-Si— 
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Fig.  9. 

Fig.  10. 

K«y:  (1).  Initial  line. 


Fig.  10. 


a the  general  solution  in  canonical  fora  (3.37)  it  will  be  written  as 
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$ 

follows: 

n)  - 1^0,  + + Lja^  + + 

. KO.  n)  - L.C/,  + l^K,  4- 
aa.n)-/.,A+^«V'n  + ^wo-0  + ^«+‘'. 

««.  »0  - Ljj^  + + L,^,  -I-  I.„t,  + V 

S (t  »l)  - + ^./#  + V*.  + + V 

Here  l/,.  V,  and  so  forth  arc  quotient  of  the  solution  of  systew 

(4.59) ,  whereupon  such,  that  with  C * 0 

I i/,- (4.8^ 

he  will  obtain  first  this  solution.  For  a brevity  let  us  write  systei 

(4.59)  in  the  symbolic  forn: 


M + P«»0, 

(4.64) 

« + - 4, 

(4.66) 

T-IKZ  + aK. 

(4.66) 

0 "■ 

rf/  tr 

(4.67) 

(4.68) 

Prow  (4.67) 

l|r.  (4.M) 

Page  146. 


I 

. I 
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Let  us  substitute  this  expression  in  (4.65)  and  (4.68) 

Pe  + «t  — 2«^  + 2P«K-^  ' (4.71)^ 

Outside  now  expressions  ter  « and  r fre*  (4.70)  and  (4.66)  in  (4.64) 
and  (4,71)  , we  will  obtain 

I2<^  + (1  — 1»)  W + (*  + W 

(l  + |i)opt/  + l(l— + !*)•  ^ (4-78) 

Se t/assuii ng 

(/-— (H-»»)aPip,tt.H).  V-I2a*  + (1  — I*)  PTf,  *•*»>*  ^-74) 

we  turn  (4.72)  into  identity,  and  froa  (4,73)  we  find 

(a*  + PVf,-4- 

After  using  now  (4.11)  and  (4.12),  we  will  obtain 

I I f-HiC-ft 

f 1 (4.7?) 

• w-Sw-o  0 

■ y kaoviog  by  foraulas  (4.7«) , (4.66)  and  (4.69)  it  is 

possible  to  flad  and  a,^  I*  "e  fulfill  this  in 

general  fora,  then  for  all  functions  we  will  obtain  expressions  of 
the  type 

A\f(l,n,0dl  (4.77) 


1 
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so  that  condition  (4.63)  they  will  turn  out  to  be  those  which  were 
carried  out.  In  particular  with  *9  « const  it  will  be 

*^*“~5”*  W-78) 

1/^-0, -5^-0. 

Let  us  note  that  the  deterained  by  hoaogeneous  equation  (4.75) 
function  corresponds  to  that  introduced  P.  r.  Varvak  [7]  to  the 
function  of  displacement/novements  for  two-diaensional  problem. 

Let  us  pass  to  the  uniform  part  of  the  general  solution.  One 
should  expressions  (4.62)  substitute  into  equations  (4.59)  or,  which 
is  the  same,  in  (4.64)  - (4.68).  However,  since  is  carried  out  the 
already  partial  separation  of  functions,  let  us  substitute  (4.62) 
equation  (4.72),  (4.73),  (4.70),  (4.66)  and  (4.69).  This  will  reduce 

to  the  following  equations: 

2^ +(I -rtf'll -KI+|»)P^-0l  (4.79) 


Integrating  tkin  nystnn  under  the  conditioaa  (see  (3.14)) 

(4J2)» 
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«•  Mill  obtain  (bulky,  but  elaaantary  conversions  w«  let  us 


- cos  Ep  + sin 

- Z.,.  - ^^sin  EP yjeos  EP, 

— ^^tsioEP. 

Z^  - Z.„  - cos  EP  - SP  sin  EP. 

^^-^-0+P)6P*sJnSP. 

' ^-.-^«--^^sinEP-^^EPcosEP. 

L -,3— (iSinEP 

4 p 4 • 

, 3 — jiSinEP  . 

—4 p — H — 4— ccosEP, 

+ P) P sin  IP  + (>  + P)  EP*cos  EP. 
Z^- -(H-H)painEP--(l +jt)EP*cosEP. 

+P)psin^-(1 +ji)EP*cosEP. 
Z,,^  - 2 (1  + n)  p cos  EP  — (1  + n)  SP*sin  EP, 
- |i  cos  EP  - EP  sin  EP. , 

' + r^lPcosEP'' 


(4.83) 


lower)  : 


< 
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Thus,  the  general  solution  for  state  of  plane  stress  is 
constructed:  all  the  displacenent/inoveBents  and  voltage/stresses  are 
expressed  through  the  initial  functions.  For  ezaaple,  according  to 
(4.58),  (4.62),  (4.74)  and  (4.83)  for  hcrizontal 

displacenent/no venents  let  us  have 


«(l.  n)  - a j^costf  + j 

- L^EPcw J K.(»0  + 


or,  by  taking  into  account  (1.  238)  and  (1.246), 
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« ft.  n)  - y + /6)  + 1/,  (n -/£)-/ -^4^  (n  + 0) + 

+ i -^4^  5i/o  (n  - ft)-/  -4^  ^0  + '-4“  ^0  (»» - ft)  - 

- -4—  (»» + /«  - -4^  (Ti  - ft)  + 

n+zi 

+ / Jx,  (T,  + ft)  ~ / I+iL  5t,  (T,  _ /5)  - 

■ -’<'+'‘'-fel-  '<•“> 


If  we  in  the  obtained  solution  everywhere  replace  nueber  p by 

(4.86) 

that  WG  will  obtain  the  general  solution  for  a plane  strain. 


Let  us  note  still  that  equality  (see  (4.83)) 


' (4.87) 
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is  expressed  the  theoren  about  the  reciprocity  of  works. 

If  plate  (Fig.  9)  is  subjected  to  certain  thernal  effect,  then 
in  two  last/latter  equations  (4.59)  will  appear  supplenent ary  terns 
and  in  each  of  equations  (4*62)  it  will  be  supplenented  on  two 
■enbers,  connected  with  temperature  and  gradient  of  temperature  on 
the  initial  line. 

Fage  149. 

The  general  solution  of  two-dimensional  thermoelastic  problen  is 
obtained  by  the  literal  repetition  of  presented  above.  Results  are 
given  in  the  article  [42], 


§19.  Curvature  of  rectangular  plates. 


Fine/thin  rectangular  plate  (Fig.  11a)  is  subjected  to  the 

action  of  transverse  load  p (kg/ca^) . For  sagging/deflections  w, 
angles  of  rotation  • Oji  and  6^  the  standards  to  median  surface,  the 
linear  bending  aoaents  and  Mg.  tb«  given  (according  to 
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Kirchhoff)  , transverse  forces  v',  and  V,  and  the  concentrated 
reactions  R in  angles  are  accepted  as  the  positive  such  directions, 

Hhich  are  shown  in  Fig.  11b,  and  c (vectors  of  torgue/aoaents 
t ight-ha  nded) . 


By  the  introduction  of  dimensionless  coordinates  (4.57)  occupied 
by  plate  domain  is  converted  into  the  domain,  analogous  given  in  Pig. 
10. 


Pig.  11. 


Page  150. 


The  stressed  and  the  state  of  strain  of  the  anifors  and 
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isotropic  plate  of  constant  thickness  6 is  described  by  the  complete 
system  of  the  differential  equations 


o ^ ^ pa* 

"“ZT* 


(4.88) 


JL  ^ 

a di 


M,- 

M, 


D I d*w  , d*w  \ 

a*  ^ + J'-dF )‘ 

D / d*w  , d*w\ 
dTj*  j* 


f (2-p) 


d*w 

dpt? 


]• 


Z?  ,,  . d*w 

a* 


nhere,  as  usual,  the  flexural  rigidity 


Z>- 


£«• 

T5Trq?r' 


(4.9<^ 
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Let  us  take  for  the  initial  line  the  edge  of  plate  C * 0,  In 
this  face  in  accordance  with  the  technical  theory  of  plates  have  a 
physical  sense  and  there  can  be  the  given  values 

w.  e-e^  Vm.v^  (4.91) 

Therefore  dimensionless  initial  functions  they  will  be 


I, - 1, (n)- 1(0.16 -I, (0.10. 

- -^M(0.  to  - Af,(0.  tO. 

(^i)  K (0.  to  — V,  (0.  to. 


a the  general  solution  in  canonical  form  (3.37)  it 


will  be  written  as 


follows: 


f 
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^7/ 


•(1. 

•«  (t  »l)  “ *•* 


>i‘-Sir  W'.i  +«-''^"t  "^r* 

vkm  : 

, v?f^n+^ 

• -I  t-iD  .r 

»'.«.n)--g-{^v.ir,+:T„V+  ^ • 


^LyJ^O+L^yV,)+V,, 

+ 4^^o  + V^.)+V 

«(t  »l)  - -§-(1  - H)  {L^V,+L„n.+ 

+ + ^my»)  + 


(4.9^ 


I 
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Hare  is  a particular  solution  to  nonhosogeneous  equation 

(4.88),  that  satisfies  the  conditions 

• - the  functions,  which  will  be  obtained,  if  we  in 

forsulas  (4.89)  w replace  by  According  to  (4.10)  - (4.12)  it  is 
possible  to  take 


r dtldC'  j p(C'.ndr.  (4.95) 


Specifically,  for  the  evenly  distributed  load  let  us  have 

(4.96) 


that  it  corresponds  to  the  cylindrical  curvature  of  the  evenly  loaded 
cantilever  plate,  shown  in  Pig,  12.  In  accordance  with  (4.  13)  always 
it  will  be:  with  C > 0 
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By  transfer/converting  to  the  uniforn  part  of  the  general 
solution,  let  us  introduce  (4,93)  in  (4.88)  and  (4.89).  As  a result 
ve  will  obtain  the  following  system  of  differential  equations  for 
operator-functions  L^: 


Pagm  153. 


After  Integrating  this  system  under  the  conditions  (see  (3.34)) 


r 
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^^(O.P)-V  •./-•.•.AI.V'. 


let  us  find  (again  let  us  lover  interaediate  lininq/calcul ations) 


^ ^ CP  sin  {P, 

/ _/  _J+l»sinCP.l  — n. 

2 — * 

-•  A _ / 1 t sin  CP 

" V- — -j 

— ^"^^PsinCP  + -^^^CP*co8CP, 

4 

^•1  “ " ®o*6P  “ — 2^  5P  Sin  CP, 

^ ^9^  6P^  CP; 


(4.100) 


DOC  = 77055309 


PAGE 


I sinSP  , 1 e costf 
P*  ' 


- Pcostf  + mfin 

=iiii 


■ tW ' 

A 

:t>T7:- 
s I «v.  '.y^ 

' i 


r.- 


►/•'  •’ 'T 


1 


(8in(P, 


- ’rf  1 5 --  • 


f ^ ^£cos£p, 

4#-  S*i“  2 p 2*^*^’ 

Z.^^'- -(1 -|i*)P*costP-^^^^  6P*8in6P. 

P sin  yj  - 6P*  cos  iP. 

EP  + ~2  “ 

. iinJiHi+iiL  p Jin  EP  + (ll^yj.co8  6p. 

^ , iir-  hH3  T H)  p»sin  Sp  ~ n cos tf. 
- -i  (1  _ ,i)*  p»  cos  6P  + 5p«  sIn  5p, 

JLzPHL-H)  p«,intP4-  ^6P»costf. 
* ^ 

- (2  “ l«  P c«  5P*»Jn  6P. 

, Z^^y--^:JislnEP  + iriii.6Pcos6P. 

Z^  . i^p.rtnEP-1:^  6P*cos6P. 

Z^  - -pcosgp  + i:^6P»siB{p. 

^ " -y  *in  6P  + y 6P  cos  6P, 

t^-4-6«Jn5p. 


(4.101) 


tt  (4.101) 

' ■ I /-'\  • 

.u^  ' . 
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Page  154. 

Equalities  (4.100)  can  be  construed  as  the  peculiar  expression 
of  Betty*s  theorem.  In  fact,  everything  it  is  possible  to  write  them 
in  the  form 

(4.102) 

Then  j will  be  those  by  the  power  factor,  which  can  produce  work  on 
displaceme nt/movement  j (if  j - displacement/movement) , or  thereby  by 
the  displacement/movement,  during  which  j can  produce  work  (if  j is  a 
power  factor).  This  is  related  alsc  to  s and  s. 


§20.  the  curvature  of  the  plates,  referred  to  polar  coordinates  >, 

FOOTNOTE  ».  During  the  writing  of  the  present  section  partially  were 
used  the  results  of  the  investigations  of  N.  N.  Cherny.  BNDFOOTNOTE. 


For  the  plates  whose  outline/contour  is  outlined  by  the 
coordinate  lines  of  polai.  coordinate  system  (Fig.  13a),  is  logical 
the  solution  to  carry  out  in  polar  coordinates. 
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The  positive  directions  of  sagging/deflections  of  the  angles 

of  rotation  of  standard  to  aedian  surface  0,  and  the  given 
bending  noaents  M,  and  Af,.  the  given  (Kicchhoff)  transverse  forces 
and  Vt  and  the  concentrated  reactions  V'*  in  angles  are  given  in 
Pig.  13b  and  c (vectors  H and  S right-handed). 

Let  us  introduce  the  given  polar  coordinates  (see  section  3 §17) 

6-ln-^.  r-Rel.  (4.103) 


|rm  i M n « ' 


Page  155. 

Then  the  doaain,  occupied  with  plate  (curvilinear  rectangle  ABCD  in 
fig.  13a)  is  converted  into  rectangle  ABCD  in  Fig.  14,  and  the 
coaplete  systea  of  the  differential  equations,  which  describe  the 
atreesed  and  the  state  of  strain  of  the  unifoca  and  isotropic  plate 
cf  constant  thickness  4,  it  will  take  the  fora: 
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Key:  (1).  the  initial  line. 


Page  156. 


In  this  case  in  acccx-daace  with  (4.39) 


AA 


so  that  instead  of  (4. 104)  it  will  be 


d* 

W 


Let  us  take  for  the  initial  line  the  external  arc  edge  of  plat 
(r  = 5 = 0).  In  this  face  nake  physical  sense  and  can  be 

assigned/prescribed  values 


•0.6).  ♦«.•)- 

(4.10Q' 


Therefore  disensionless  initial  functions  they  will  be 

(0.  •).  «,-«,(•).  « (0.  •)  ^(Q.  t), 

M,  - Al,(f)  - ^ A«  (0.  •)  - M,  (a  •). 


1 

! 
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a the  general  solution  in  canonical  fora  (3.37)  it  will  be  written  as 
follows: 

♦,«.«)-  LJff,  + + L^V,  + 

♦.  «.  8)- 

®*  8)  = ^ {^iw*^o  + ^;w«^o  + ^MM^o  + +^p- 

(Et  8)  ■•  {^»^»  + ^t^o'i'^vAi^o  '^"  ^wv^o)  *^* 

(E>  8)  “ ^ + ^w,*^o+^i',iw^o+^w,w*^o)+'^i#» 

^(6.8)  - -^ (1  -M)  l^„.C  + + 


AO'AObO  744 


UNCLASSIFIED 


F0REX6N  technology  DIV  wRIGhT-PaTTERSON  ApB  OHIO  F/G  12/1 
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Fig.  lii. 

Key:  (1).  the  initial  line. 

Page  157. 

Here  Wp  is  a particular  solution  to  non hoaogeneous  equation 
(4.107),  that  satisfies  the  conditions 


• functions,  which  will  te  obtained,  if  we  in 

focaolas  (4.105)  w replace  by 

After  introducing  the  designations 


I 
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let  u rewrite  eqaetlon  (4.107) 


W + + ^ (4. 


113) 


He  nee 


But  on  the  basis  (1.356)  and  (4.5)  will  be 


r(C.4A 

• t-ift-o 


(4.11S) 


Introducing  this  expression  in  (4.114)  and  again  using  (4. 
obtain 


5)  , we 


By  the  direct  substitution  of  this  expression  (4.107)  and 
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(4.105)  it  is  possible  to  ascertain  that  satisfies  equation 

(4.107)  and,  furtheraore,  with  C « 0 

By  tr ansfer/converting  to  the  unifora  part  of  the  general 
solution,  let  us  introduce  (4.110)  in  (4.107)  and  (4.105). 

Page  158. 


As  a result  we  will  obtain  the  following  systew  of  differential 
equations  for  operator* functions  ^ 


l-^- + <2-p)P»  X 


dL. 


dL^,  I 

f 

^^-r-«j(2-|*)P-3^-3(I-p)Px 
x-^+WP*  + 2(I-p)i)l^ 


'-I?  . 

**  j’ 


(4.118) 
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After  integrating  this  systea  under  the  conditions 


(4.118) 


let  us  find 


- co«  Hn  EP. 

|(4.IS0) 

+ .*  (CM  Ep  + P iio  CP)  I . 


'I- 

If ^ jv 


“ ’VuiiArf-i 


and  60  ir>rth. 
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Page  159. 


Oaring  the  solution  to  specific  probleas  it  can  turn  out  to  be 
■ore  convenient  to  choose  the  initial  line  not  on  curvilinear,  but  at 
the  rectilinear  (radial)  edge  of  plate  (0  = 0)  . As  diaensionless 
initial  functions  here  will  be 


K,-K,a)-g:aV,a.O). 


(4.HI) 


a the  operators  will  take  the  fora 


Ai#  - 4-1(1 -|*)a  + 2(1  + 

* t.  ^ • 

— i) 


(4.122) 
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and  so  forth. 

The  construction  of  the  connon/genera 1/total  and  quotient  of 
solutions,  all  operators,  and  also  sone  other  foraulas  are  given  with 
to  article  [ 3 ]. 

§21.  Natural  oscillations  of  rectangular  plates. 


The  free  oscillation/vibrations  of  rectangular  plate  upon  the 
linear  foraulation  of  the  problen  are  described  by  systen  of 
equations  (4.89),  and  instead  of  (4.88)  will  be 

where 

w - angular  frequency,  y - the  specific  gravity/weight  of  the 
■aterial  of  plate,  g - the  acceleration  of  gravity. 

Page  160. 


The  positive  directions  of  displaceaent/aoveaents  and  static  values 
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A 

s 


bill  be  the  saae  as  in  Fig.  11. 

Accepting  as  the  initial  line  edge  E = 0,  we  they  Bust  as 
initial  select  the  sane  functions  (4.92),  and  the  general  solution  to 
£««k  in  the  fora  (4.93),  after  reject/throwing  only  in  it  terns 

a»d  so  forth.  After  substituting  those  which  were  altered  thus 
function  (4.93)  into  equations  (4.123)  and  (4.89),  we  will  obtain  for 
deteriining  operator-functions  the  systen  of  differential 
equations,  which  differs  fron  (4.98)  only  in  terns  of  first  equation. 
Specifically,  instead  of  it  it  will  be 


128)^ 

After  integrating  the  obtained  systen  under  the  conditions  (4.99), 
let  us  find  all  operators: 

Iw co.l/PT^  + 

, (l-p)P*  + v«  8in6Kp*T^  , 

. (i_p)p»-w*  dnlV^pT^. 

+•" — ^ VP»  -y  ■ 


(4.126) 


1 
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^‘9/ 


and  so  forth. 

The  construction  of  general  solution*  all  operators*  and  also 
the  resolving  eguations  for  the  basic  cases  of  the  attachnent  of 
plate  during  synaetrical*  skew>synnetric  and  asynnetric 
oscillation/vibrations  are  given  in  the  article  [10]. 


let  us  note  still  that  in  spite  of  the  apparentirrationality* 
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and,  and  also,  therefore,  the  singularity  of  operators  (4.126), 
actually  they  all  are  regular,  la  this  it  is  easy  to  ssrify  that 
after  decomposing  operator- functions  cot  aio  according  to 

degrees  €« 
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Chapter  5. 


APPLICATIOK'/OSE  OF  A METHOD  OF  THE  INITIAL  FUNCTIONS  TO  THE  SOLUTION 
10  THE  APPLIED  PROBLEMS  OF  MECHANICS. 


§22.  Free  twisting  the  rod  of  semicircular  section. 


The  function  of  twisting  Prandtl,  which  describes  free 
(Saint-Venant)  twisting  the  cylindrical  rod,  cross  section  of  which 
is  shown  in  Fig.  15,  satisfies  the  equation 


. (6  .1) 


't  ^ - *■ 

■v1 


K O*  — 3. 


a voltage/stcess  it  is  determined  from  the  formulas 


06  dV 

y‘dV 


— — 06 


(6.2) 
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where  G - shear  modulus,  d - the  linear  anqle  cf  torsion. 


On  the  outline/contour  of  domain^  = 0 after  passing  to  new 

variable  (see  (4.37)) 

r-Ri».  X-Ji.  (5.3) 

we  will  obtain  the  equations 


■g|t  + 

.a® 


and  the  boundary  conditions: 


0(0.  D-O. 
^O^InX.I)-0. 
■Oa.  ±o)-0. 
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Page  162. 

Is  consistent  initial  to  line  with  the  initial  arc  edge  (g  = 0) 

and  will  use  focsulas  (4.42)  - (4.44) 

+ + (5.9) 


where,  according  to  (5.6), 


O.-O(0.9)-a 


(8.11) 


! 
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is  an  unknown  function.  Particular  solution  we  find  through  (4.43) 


t #+«|r-0 


^ j ^ I ^ + y-T^) 


Thus, 


® (t  •)  - ®. (•)  + /?. ' (5.i« 


He  satisfy  condition  (5.17) 


After  expanding  operator  in  a secies  in  fi 


(5.15) 


easily  we  find  the  pacticalar  solution 


To  honogeneous  equation  (5.14)  corresponds  the  characteristic 
equation 


4a  (A  In  h) 


(5.17) 


I 
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roots  of  Which  will  b«  the  nawbec 

A- 1.2.3....  (5.18) 

Consequent ly. 

^ (Vir  ”‘)  il  ('*-***S + .(51?) 

Ey  introducing  (5,19)  in  (5.14)  and  by  taking  into  account  foraola 
(1,246)  and  (1.205),  let  us  find 


«ii,i  • 


Page  163. 


Ey  satisfying  now  conditions  (5.8),  let  us  arrive  at  the  equalities 


! 


r 

I 
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I 

i 

I 


f 

i 


In  order  to  find  coeff  icients it  suffices  tc  lultiply  (5.21)  by 
sine  n»E/lnX  d?  and  to  integrate  over  C within  linits  fron  f = 0 to  I? 
* InX.  As  a result  we  will  obtain 


•Tirr*-*** 


Knowing  the  function  of  Prandtl,  it  is  not  difficult  to  fulfill 
different  concfete/specif ic/actual  calculations.  Let  us  plot,  for 
exaaple,  the  diagr aa/curve  of  distribution  r along  the  axis  of  the 
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syaaetcy  of  seaicircular  section  (a  = »/2)  during  X = 0,5 
to  <5.23)  and  <5.5)  vith  « « 0 


(5J4) 


where  is  aarked 


/ 


y 

t— 


eot"*^ 

l-X'  . I-X>(~ir  ^ 

TST  + ^ 2j  ■ 


(5.25) 


According 
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4MI 


Fig.  16. 


Fey:  (1).  Diagram/curve. 


Pae  164. 

let  us  substitute  here  value  X = 0.5  and  return  to 
alternating/variable  r 


-aOOOOWI31a>^4.S3240la'jj— ...j. 


Is  here  written  out  the  only  first  tern  of  a series,  but  even  he  is 


I 
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3^/ 


sufficiently  SRall  in  order  that  hi*  it  would  te  possible  to 
reject/thccw  and  to  count 

A 

7(0-2^-1.08203^.  (M7) 

Correspond  to  this  formula  of  diagram/curve  t is  represented  in  Pig. 
16. 

§23.  Sene  resolving  equations. 


The  examined  in  the  preceding/previous  paragraph  problem  is 
sufficiently  simple.  In  the  more  complex  cases,  when  it  is  necessary 
to  inplenent  all  those  stages  of  the  calculation,  about  which  went 

the  speech  into  §12  and  13,  considerable  labor  input  requires  the 
composition  of  the  resolving  equation  (see  page  132)  and,  especially, 
the  detern ination  of  the  rocts  of  characteristic  equation  (see  §14). 
In  the  present  paragraph  are  given  the  resolving  equations  for  the 
most  characteristic  conditions  of  attachnent  during  curvature  and  the 
oscillation/vibrations  of  rectangular  plate,  and  also  in 
two-dimensional  problem. 


I 

I 


The  system  of  transcendental  differential  equations,  obtained  as 
a result  of  satisfaction  to  boundary  conditions  at  the  edge,  parallel 
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i. 


i 

1 


to  the  initial  line,  will  be,  generally  speaking,  heterogeneous  (see 
(3.44)).  However,  assuming  that  the  particular  solution  is  found 
(about  this  goes  speech  on  page  132),  we  here  write  out  the  only 
uniforn  part.  The  attachnents  of  two  parallel  edges  of  plate  are 
shewn  in  Pig.  17-22  (for  exaaple,  in  Pig.  21  left  edges  hinged  is 
supported,  right  - is  free).  The  initial  line  in  all  cases  coincides 
with  axle/axis  *1^.  If  strain  is  synwetrical  (or  is  skew-sy wwet r ic) 
relative  to  the  axis  of  the  synnetry  of  plate,  then  axle/axis 
expedient  to  choose  in  the  Banner  that  this  is  done  in  Pig.  17-19. 


r 


Page  165. 


1.  Curvature  and  the  oscillation/vibrations  of  plate. 


Syaaetrical  strain  for  Pig.  17 


1 


.... 
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for  Fig.  18 


(KF+^.iniJ!^co,0!^  _ 


(5.29) 


for  Pig.  19. 


' #)fW. 

rw+rtMir^d— i.)i>i»(i#-».  '. 

{((l-l*)P*  + »*)KP^iin!!^^c»i3^_  (5.30) 

-Ki -irtf-'i  c rr?*. 


1 w 

( . . 

t r 

P, 

i . 

n 

Fig.  20.  Pig.  21.  Pig.  22. 
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for  Fig.  19 


Pl(l-|*)P  + (3  + ji)sinp]«p(ti)-0,  , 
1(1  — t»)P*  — V*]*  , I/’bT^.v* 

t sin  ^ cos  ■ 


/p'_, 


"n— «»— --j fW“« 


(5.33) 


Asyaaetric  strain 


for  Fig.  20 


(5.34) 


/ 
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Page  167. 


for  Fig.  21 


; ’M(l>-|.)-S»+(3  + |.)«n2|»»wVo:®i®?! 


(i 


r -4  ' 1/-. 


. -Kl «» 


Ut.. 

t}.'.  •' 

T^f  ' 

(5.35) 

'*h- 
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foe  Fig.  22 


[(1  -I*).?.-  — ,0. 

j2  i(I-|i)»|J«-v*l-l(  I ~^)  p«-v*]»  ^cos  cos  Kp5+^+ 

+ sin  - 

— 1(  I — ji)  p*  + v*l*  (cos  Vp»  — V*  cos  Kp*T^  + 

+ ^ piqp^*<nKP*^^*iny'P‘  — v*)|-f  (t|)  — 0. 


Here  the  everywhere  that  resolving  equation,  which  does  not 
contain  paraaeter  v,  is  related  to  the  curvature  of  plate,  but 
containing  v*  - to  oscillation/vibrations. 

Page  168. 

2.  State  of  plane  stress. 
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(Necessary  designations  arc  given  in  Fig.  9 and  10) 


(/#  — P(8inP  + pcosP)<p(ti).  K, -iP*5inp(p(T|),  (5.37) 

P*(P*-niSin*P)q)(Ti) « 0;  I 

6)  (/, -Vo”0,  U(l,  T))  0(1.  T))-0.  ) 


«•-(! + !*)»>«  PSPl^l). 

T.[(3- 

. sinp 

rt-r- 

-(1  +|*)cospj9(ti). 

(5.38) 

fsinxp 

1 »(i)- 

A. 

1 

[ *«• 

» 0, 

1 

•)  <y*  — X,  - 0, 


cusP' 


I + {X 


tt(i.io-v(i.  fO-o. 

P sin  p j «p  (Tj).  Vt  - «in  P -f  m ‘ 


+ ^-^Pcospj‘(p(ri). 


\ 

:v!5 


(3  - n)  ( I + H)  cos  2p  - (2p)*+  4 +( 1 -n)*]  9 (n)-  0; 

«)  i/o-X,  -0.  u(l.  T|) -T(l,  T))  -0. 

V'#  * I(I  — )i)sinp  — (1  + ,u)PcosPl9(T|), 

9«  — 2(1  +)i)P(sinp  + PcosP)9(ti), 
sin*P9(T|)  -0; 

d)  K, -o,-0,  0(1.  ii)-o(l,T))-0. 


(3—)*)  21^  +(i  g-(i)cosp 


9(’l). 


X*-  2((I  — (i)sinp  + (l  + )i)Pcospi9(T|). 

sin*P9(T|)  1.  0; 

e)  (/f-iXt^O,  0(1.11)  — x(l.T))»0, 

I',  - ^ cosp  + p sin p j 9 (Ti). 

+n)P*»inP9(Ti), 


9(i|)-0. 


(S.39) 


(5.40) 


(6.41) 


(5.42)  ' 
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In  accordance  with  the  facts  that  it  was  said  on  page  131,  the 
resolving  equations  allow/acsuwe  different  interpretation.  For 
example,  by  taking  into  account  (4.100)  and  (4.101),  instead  of 
(5.32).  it  is  possible  tc  write 


Page  169. 


The  last/latter  equation  - this  transcendental  ordinary 
differential  equation  for  the  resolving  f unct  ion  foriulas 

(5.43)  express  the  initial  functions  through  resolving,  in  addition 
with  the  help  of  transcendental  differential  operations.  I f we  expand 
in  series  those  entering  in  (5.43)  and  (5.44)  operators,  then  we  will 
cbtain: 


I t 
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3// 


Tjrjf  I (»i) — ^ f '(ti) + . . . j ' 


(6.45) 


. i)  - - / *■ 

* " "“S'  [’>(*>> — 5*^ 9'''(T1)-. . .1;  j 

•••  •%.  • * 


After  being  bounded  in  series  to  certain  nunber  of  teras,  *e  will 
obtain  usual  differential  expressions. 

But  if  we  use  foraulas  for  the  realization  of  the  operators, 
then  resolving  equation  (5.44)  will  take  the  fora 


J(n-0f(0rfC-y  J 


09(0dCm0.  (6.4n 


Ihis  already  there  will  be  integral  equation  for  the  resolving 
function. 
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* 3i:l 

§24.  Roots  of  soae  characteristic  equations. 


In  the  preced inq/pre vicus  paragraph  are  given  the  resolving 
equations  for  the  characteristic  foras  of  the  boundary  conditions  of 
twc-dinensional  problem  and  curvature  of  plate.  If  ve  seek  the 
resolving  function  in  the  for*  then  each  resolving  equation 

vill  reduce  to  the  appropriate  characteristic  equation  (see  page 
132).  For  the  majority  of  these  equations  vas  found  certain  quantity 
cf  first  (counting  in  the  ascending  order  in  the  aodule/modu lus) 
roots.  Roots  were  calculated  in  the  manner  that  this  is  described  in 
§14.  As  an  example  of  calculations  Table  1-5  gives  iterative  process 
for  equation  (3.55)  with 

. 0^1212,  (5.48) 

based  on  formulas  (3.68)  - (3.72). 
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Page  170. 

Table  1. 


• -1.  -^(41  ♦ I)  - rjsan 


cot  A,  -i  sin  X, 


0.21212/(3)* 
ch(/,-(4)-ffl  ■ 
0,  mm  trch(5) 
sh»i 

(5)*-(7)» 

0,21212(6) 

tin6i«cas>,  --1^- 
(3)' +(10)* 

Ai  V arctin  (10) 


0,10  0,17630 


Jii  - 7,86398-6,  7.76398  - 7.67768 


0,21319 

1,65307 

1,06836 

1,31631 

0,99997 


0,21546 

1,65423 

1,08925 

1,31779 

0.99991 

0,27106 


1, 02(178 
0.17630 


0,99998 

0,17624 


0,17824. 


0,21546 

1,65425 

1,08927 

1,31781 

0,99992 

0,203106 


0,17538  0,17533  0,17534 


In  Table  1-5  for  convenience  in  the  calculations  in  nuneral  in 
brackets  ()  is  designated  the  nunber  of  the  row,  fron  which  one 
should  take  nunerical  value  for  the  execution  of  the  corresponding 
cperations. 
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labltt  2. 


- 14.13717 


7 
S 

9 

10 

II 

13 


0.10 


*,-l4.l37l7-«, 
cos  A,  IB  sig  X. 
0.21213/(3) 

(O'® 

M - arch  (S) 
shi^ 

(5)»  - (7)» 

0.81212(6) 

aiaAi-coajc,--^ 

(3)*^(10)» 

6t-aretla(l(3 


14.03717 
0.99500 
0.21319 
2.99258 
1 .76013 
2.82059 
0.99981 
0.37336 

0.13237 

I.007S6 

0.1387i 


0.13275 


14,00442 

0,99105 

0,2I4U4 

0.99751 

1,76186 

2,82578 

1.00003 

0.37372 

0.13225 

0 99967 

9.11 


0,13263 


14.00454 

0.99122 

0.21400 

2.99597 

1.76167 

2,82521 

1,00002 

0.37368 

0.13227 

1.00001 

•.mm 
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Table  3. 


Table  H. 


. HM-I)  --^-»8.7W6I 


1 

0,10 

0.09192 

0,09214 

2 

x«-26.70353-.A, 

36.69353 

36,61161 

26.61139 

3 

0MA4  ■■  *inc4 

0,99500 

0.99r)78 

0,99576 

H 

0,21212/(3) 

• «»«84-(4).® 
ft  m arch  (S) 

0,21319 

5.69079 

0,21302 

6,66880 

0,21.102 

6.64876' 

2,42419 

2,42025 

2.42024 

Sh|f4 

5,60220 

5,57990 

6. .57984 

jP)*  — (7)* 
0,31212.(6) 

0,99944 

1,00001 

1.00022 

0.51422 

0,51338 

0,61338 

IB 

■Ia6««oosx« 

0.09179 

0.09201 

0.«19201 

ffl*+(IO)* 

0,99845 

i.onoiM 

1,00000 

H 

f 

1 

1 

I 

0.08161 

O.OIII4 

0.06814 

30.31217 

0,99413 

0.2I3J7 

4,33401 

3.l46>6 

4,21702 

1,00038 

0.4&322 

0,10795 

0.99999 

0.10816 


%-20.42n35-6t 
eosOi  — sin 
0,21212/(3) 

, chin  - (4)-« 
|n«*rch(^ 
shin 

(6)»-(7)* 

0.21213>(9 

(^•+(10)* 


20,32035 

0.99500 

0.21319 

4,33210 

2.14560 

4.21508 

1,00019 

0,45512 

0,10797 

1,00168 

0.10818 
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Everywhere  in  the  equations,  where  enters  Poisson  ratio,  we 
set/assuse  his  equal  to  0.3: 


1)  the  equation 


**“**rM** 


I.  e. 


*if  - 0,21S12i, 


<•-2.56603; 

X,  - 7,67^4  + 1. 03927/. 
<•-  U 00454+  1.76167/. 
tk- 20.31217 + 2.14605/. 
<4  - 26.61139  + 2.42024/. 
<•- 32.90601 + 24343U;i 


(5.49) 


2)  the  equation 


*i<  — i*e- 

3— P 


•in<  - 0,48l4at. 


<•-  I.93B27; 

<,  - 7,58626  + 2.00697/. 
<•  - 13.95025  + 2.60992/. 
<a  - 20.27368  + 2.97980/. 
't«  - 26.58162  + 3.24842/. 
<•’-  3248169  + 3.4^973/: 


(5.5(ft 
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3) 


■Of  — I.  e.  ite*  — + 0,48l48i; 


X,  - 4.35754  + 1.44443^. 

10.77666  +2.354851. 
2,-  17.1K75  + 2.81210(. 
24-23.42889  + 3.123191. 
X.- 29.73234  + 3.359671;j 


, (5.51) 


5. 


• 

• — 6i  -^4*+l) 

2l»  

1— ■»  91.90671 

1 

6. 

! 0.07 

0.U8J74 

!o,08r(71 

2 

«•— 32.98672.-44 

. 32.91672 

32.90C98 

42.90601  • 

3 

CMA4  sin  t4 

0.99735 

0,99674 

'0,99674^' 

A 

0.21212/(3) 

0.21264 

0.21281 

9.21281 ' 

6 

clv,-«)(2)  ; 

, 6.99941 

7,00272 

|h  - archCS) 

' 2.6338J 

2,63431 

2,61431 

4|V4 

6.92761 

6,93097 

1(1.93097 

Jp)*-(7)* 

0.99996 

0,99974 

0.99988 

0.2l212-(6) 

j 0.55869 

0,55879 

P.S6879 

la 

iln84-«>»*4--|^ 

. 0.08065 

II 

(a»»  + (io)» 

l.OOIM 

0.90090 

‘ 0.90900 

12 

|»i-rala(IC» 

0.04374 

o.Mori 

.b.00071 

Page  173. 


4)  the  equation 


I 

*5 
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^it^.49767  + a.TeWTiJl^'^lPi^’ 

• *t-  13.89995  + 3.352S0i. 

20.23871  + 3.7167«.  ^ 

*4  - 26.66454  + 3.98314/.  % 

%!h  4 98^974  + 4.  l93SSft:  A'" 


5)  the  equation 


•In*  — — f, 

|:.*i.m;;4.21239  + 2.25072/.%^!^ 
’ 'it  - 10.71253  + 3.10314/,  ^ 
•*-  17.07336  + 3.65108/,  :\i 
*4  - 23.39835  + 3.85880/.  • 

*•  - 28.7061 1 -f  4.08370/:  f 


(5.53)* 


6)  the  equation 


C»— 1»)(1  + |A)e«*  — «y-(l  + |»f  «•  + 4 + (I  — |»)F  - 0. 


•These  roots  are  borrowed  from  work  to  Padle[i»7]. 
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3/f 


i«e* 


B4I28I  -I-  4.I538Scm<  — t*  * 0. 
I.M6SS 

*,-5.17172  + 2.719801 
*,-  11.84600  + 4.311801 
*<  - 18.29C00  + 5.14570/ 

*4  - 24.67304  + 5.72550/ 
*•-31.02110  + 6.17256/:  , 


(5.54) 


7) 


i.e. 


23.2245  + 9.42856 CM*  ~i^-  0; 
*•-5.41366, 

*,-4.0545  + 0.71300/ 
lb-  11.92785  + 3.34838/. 


(5.55) 


* These  roots  are  borrowed  fros  work  to  Padle  [47]. 


1 
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Page  174. 

§25.  Rigidly  embedded  rectangular  plate. 

In  this  and  the  following  paragraphs  are  examined  the  specific 
problems  of  the  applied  theory  of  elasticity.  In  this  case  the 
expressed  goal  to  so  much  not  obtain  the  complete  (in  engineering 
sense)  solution  of  precisely  these  problems,  as  to  illustrate 
common/general/total  course  of  solution  by  the  method  of  the  initial 
functions.  Therefore  are  given  only  some  numerical  data,  necessary 
for  the  engineering.  In  particular  this  is  related  to  §26  and  27.  As 
concerns  the  selection  of  problems  themselves,  it  is  accidental. 

Is  examined  the  rigidly  embedded  on  outlinc/contour  rectangular 
plate  (Fig.  23),  on  which  acts  evenly  distributed  load  p. 

On  the  strength  of  the  symmetry  of  strain  is  selected  axle/axis, 
as  shown  in  figure.  Then  in  general  solution  (4.93)  one  should  assume 


a instead  of  the  particular  solution  so  forth  to  take 

eitresEions  (4.96).  Then 
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•«.  D - « [:„r. + ^ E.J . 

•.tt-  <0  - 
» 

ft.  n)  - f ..IT.  + + -g-  6*. 

/ 

tt.  D - 1 [L,jr.  + i,.*A  - 6’) . 

"/i.  <0  - 1 \L,jr.  + -sr  5*)  • 

4 

^,ft.  ’'0  " ^ 

mi.  n)  - ^(1  -w L^|. 


I 
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Fig.  23. 


Page  175. 


He  satisfy  the  conditions  of  the  attachaent 
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The  general  solution  of  uniform  system  (5.60)  and  the  resolving 
equation  for  the  present  instance  can  te  undertaked  from  (5.29). 
After  taking,  expressions  for  the  necessary  operators  from  (4.100) 
and  (4.101),  we  will  obtain  thus 


A*.(n) 


(5.63)- 


where  f(iO  it  satisfies  the  equation 

(>+^jf(n)-0.  (S.64) 

Cages  176-177.  Pages  missing. 


Page  178. 


(5.77) 


m 

R«^{to.  + <W»‘n^co»*i^-2M8^.5sln*,5)sh^)-0.  (6.78) 


1 


> I' 
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at  point  n-oj 

(-2-82,4380.- ig7.74*0;  (6.81) 

at  point  ^t-0,  H--5j 

^ + 27,5^  + W.216.).  ' (5.82) 

Page  179, 

For  deteraining  a.  and  b. , we  record/vrit«  systea  of  equations, 
which  are  obtained  iron  the  condition  of  reduction  to  zero  only 
absolute  terns  in  expansions  « and  t,  according  to  degrees 


f* a ’ 

7.88201*,  .o: 
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Hence 

— 0.0080444.  a00l6881.^i“-l'^(6J4)'> 

By  substituting  these  values  in  (5.80)  - (5.82),  we  will  obtain 

I 

I in  the  center  of  the  plate 

1 

^ I V 

' m - 0.0191  ^ (0.0180;  aOlOl) . 

Af^-0.0230po* (0.0228;  0.0231). 

» 0.0304|pfl*(0.0808;t  0.0302): 

« the  supporting  aoeent  of  the  halfway  long  side 

1 M,  » ~0.084ipg«f^  0.0M»  - a0612);  (5A6> 

[ I the  supporting  eouent  of  the  halfway  short  side 

! 

I O.Of7^(.O.OH4;  — a0M4).  <8.87) 

, 1 

Here  in  brackets  for  a coaparison  are  given  values,  given  by  S. 
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P*  Tiaoshenko  [ U0«  page  222]  and  by  Hu  V.  and  by  Ye.  D.  Vaynbergs  [6, 
pages  452]. 


§26.  Rectangular  plate-ara. 


Retaining  in  force  introduction  tc  §25,  let  us  note,  that  since 
the  solution  here  will  be  carried  out  according  to  the  saae 
plan/layout,  as  in  §25,  the  interaediate  lining/calculations  and 
explanations  will  be  considerably  abbreviated/reduced. 

Is  examined  the  evenly  loaded  cantilever  plate  (Pig.  24). 

Let  us  select  the  initial  line  in  stopping  up,  and  particular 
solution  again  let  us  take  in  the  fora  (4.96). 
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Pag*  180. 


then  it  »ili  be: 


' t i ' 

•*  (E«  *0  " < 

. •*®»  *0  " ^E*» 

«.(£.  ttt  - ^ Lmj,V.  - 6*1 . 

ftt  ttf  " JT  •'^  ^ ^1  • 

I'.  (6. n)  — ^ 

# ‘ 

« «.  1#  - ^ U - rt  {^«*H -f  . 


(5.88) 


(6.89 


At  edge  ( ^ ^ 
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4«(i.  P)iM,(l|)  ^ Ly^  (1.  ft)  K,(10  - . 


(5.89) 


For  the  determination  of  particular  solution,  taking  into 
account  (4.100)  and  (4.101),  we  have 


( ‘ - P*- • . .]  Ai.  + ( 1 P*  + 

7 


(6.9()) 


Hence 


».— g. 


(6.91) 


a keeping  in  mind  (5.36), 


I 

I 
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(H) , 

I'*  “ ^ i-MM  (1*  P)  9 (n)  . 


I'*  - ^ + ^co*  P ^ P iln  p j V (O 


where  f(i|)  satisfies  the  equation 


-iS  zue  * 


page  181. 


By  characteristic  equation  with  ^ « 0.3  and  z « 2k  will  be 
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23.2245  ♦ 9.42856  cos  z-z*  = 0.  According  to  (5.55)  its  roots 


I 

h 


A^«^Q2737  ^0.3S65tt. 
A, -5.96382+  1.674181. 


' ; ; (&96) 


In  accordance  with  (5.94)  and  (5.96),  and  also  with  syaaetry 
relative  tc  axle/axis  E 


2Re^(-U  +a>Jdi/k,n 


l|.  (6.97) 


Now  froB  (5.88),  (5.93)  and  (5.97),  accepting  p = 0. 3 and 
substituting  concrete/specific/actual  expressions  for  the  operators 
of  (4.100)  and  (4.101),  we  will  obtain 
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3^3 


+ 2Ref 

MhI 

I 

^Af, (I.  to  - -0.16(1  -6)«  + A,^M,a>  *•) chM  + 
■f  2Re  2 + ^A")  (£.  *«)  ch  *,?! , 

mm\ 

^^AIj.(J,iO  " (6.  A*) ch A*tj -(- 

• % 

H-  ^Re  2 (®«  +'<6i0  (6*  An)  ch  Ant)  • 

tO  - 1 - 6 + A,t|v,  (I,  ch  M -1^ 

% 

4-2Re2  (o.^-^^aO.AiilcbA^. 

^ A^'Pv^a,  k^ih  kf,i\ 

+ 2Re 2 (flU  + <Wtr,  ft.  . 

f»wl 

% 

4>2R«2 
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Here 


ti-,«.*)--0.ISY(*)co8«  + 2:|5.K(*)sln«- 
— 0.35x  (*)  £ COB  *6  — 0. 1 75*  Y (*)  6 *in  « . 
ft.  A)  - - 0.5y  (A)  cos  *6  + 5:^  X (A)  sin  A6  q ft,  A) , 

'Pv,  ft.  A)  — X (A)  cos  AE  + 0,325Ay  (A)  sin  AE  — 

->  0. 175EA  (Ay  (A)  cos  AE  — 2x  (A)  sin  AEl . 

IV,  ft.  A)  - 0.85AY  (A)  cos  AE  + 1.35x  (A)  sin  AE  -P- 
+ 0.35a1c  (A)  E cos  AE  + 0.  I7SA>y  (A)  E sin  AE . 

(1.  A)  - - 0,325  21^!  1 0. 178A . 


a 


Y(A} 

I 


- n + (4  4“  (r-is)  cos  * - u + a?  cos  A . 

X (A) " cos  A — A sin  A — cos  A — 0,35  A sin  A , 

• ft.  A)  - 0.175(3h(A)cobA(  Ay  (l^alb All 


(5.99) 


(5.100) 
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By  satisfying  conditions  at  edges  ti>m±X  and  in  free  angles, 
let  us  arrive  at  the  following: 


-0,16(1-0' a.  **)ch*;i -f 


^•tv,ft.A^ih*.X*f2Ra2  (%  ^/6.0^,(&.A.)itiik,X.-0.  (5.102) 


--  •H 


4^(l.dtilihV^  S|U£  (iU•^4b)«||(UlJ*lgl•-0.  (5.1031^ 


. fc  A 


.1  jr” 
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Page  183. 

Let  us  assume  for  a concreteness  X = 1 (plate  with  the  relation 
of  sides  1:2).  Equation  (5.103)  can  been  satisfied  accurately,  in  the 
relation  to  equations  (5.101)  and  (5.102)  this  is  extremely  difficult 
or  generally  impossibly.  Therefore  let  us  act  as  follows:  we  will  be 

bounded  in  series  n = 1,  is  decomposed  function  i^iw,((.A)  and 
in  series  according  to  degrees  ? 

) (5.10^ 

0.88*y(*)+  I.7jbl(*)-0.60*^(*)E•  — ...  J 

and  let  us  equate  in  equations  (5.101)  and  (5-102)  absolute  terms 
zero,  a (5.103)  let  us  write  accurately.  This  will  lead  to  the  system 

— 3.2S49I>I, -f  2.92618a,  -f  2.488706,  - — 0.5 

—8.7323&4,  •(•6.727620, -h  8.747166,-0.  (6.105) 

— 3.69l46>l«~3.41204a,  + 1.238906,  - 0. 

lihence 


>(•-  — 0.18064.  0,  - -h 0.02581 . 6,-— 0.46776.  (5.106) 
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► 

Let  us  nake  table  of  auxiliary  values  (Table  6-B). 
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Page  18U. 


ch  A, ^ 2.06445 

I 9 

ch  A . 4.  1.53453  ^ 0.21212/ 

ch*,  y - + 6.62160  + 7.30551/ 

ch/fpX  - 7.52424 

ch  A, A.  -i  3.61963  + 1.30206/ 

dik^  « 20.0774  + 193.507/ 


**,-^-  + 1.80612  , 
shife,  - -H  1, 17737  4.  0.27647/ 

4 “ + 6.58666  + 7,34316/ 

sh*,X  - 7.45749 

shftiX  - 3.49624  + 1.34801/ 

<hifc,X  -20.0771  -f  193.509/ 


Using  these  data,  we  compute  first  of  all  values  Mt  and  K, 
the  free  edges,  where  they  Bust  be  equal  to  zero  (Table  9)  . 

Por  ** *nd  we  take  greatest  the  bending  aoaent  and 

transverse  force  in  the  bean-strip,  which  corresponds  to  the  plate, 

i.e..  Mam  in  question  =-0.5pa*,  a Vgmm*  P**'  ' 


^IniiViififciiii' 
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{ 

*i<se 

0 

0 

^ 0 

0 

0.2 

0.4 

0,6 

o,s 

1 

•^,51631 

♦0,88324 

♦0,99858 

♦0,82833 

•M.4tlSI 

♦0,39543  + 0,065574  / 
4^,73231  ♦ 0,098566  ( 
♦0,95938  ♦ 0,074805  1 
♦1,03960  — 0,014714  1 
<^,98696  — 0.16048  t 

i 

♦0,98198  ♦ 0.12591  / 
+0.84573  — 0.62445  1 
—0.65490—  1,07122  1 
—2.03576  + 0,10422  1 
-0.86682  ♦ 2.44336  1 

Tftble  S. 


1 

wait 

w<nt 

0 

1 

1 

« 

0,2 

♦0,85700 

+0,92125  —0,028146^ 

♦0,38999  — 0.31704  t 

0,4 

0.6 

♦0,46891 

+0,69586  — 0,10373  1 

—0,89686  — 0.49455  1 

-0,05328 

♦0,35503  — 0,20214  1 

— 1,40308  ♦ 0,50000  1 

0.3 

—0,66023 

-0.052984  — 0,28870  1 

♦0.11958^  1,77419  1 

1 

-0.90607 

-0,48009  — 0.32682  1 

♦2,62136  ♦ 0,80797  1 

Page  185. 

Table  9 shows  that  at  values  of  coefficients  (5.106)  the  solution  is 
obtained  satisfactorily.  Introducing  (5.106)  and  (5.99)  In  (5.98),  we 
conpute  aaounts  of  deflection  and  bending  lonents  in  a series  of  the 
points  of  the  plates,  necessary  for  construction  diagran/c urve . Table 
10  and  11  for  a conparison  give  values  respectively, 

given  P.  ■.  farvakas  [8]  for  f « 0;  0.25;  0.5;  0.75;  1. 
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According  to  these  data  on  Pig.  25  are  constructed 
diagrai/curves  w and  ^1,  in  to  section  X = 0;  X/2 ; X. 

Recall  that  boundary  conditions  at  edges  5=0  and  5=1,  and 
also  in  angles  (1,  ♦ carried  out  accurately.  If  we  in  series 

(5.98)  select  n > 1,  then  in  principle  it  is  possible  sore  accurately 
to  satisfy  conditions  (5.101)  and  (5.102).  However,  in  practice,  by 

increasing  n,  it  is  possible  tc  arrive  also  at  the  opposite  result: 
accuracy/precision  is  reduced.  This  is  connected  with  the  fact  that, 
as  can  be  seen  fro*  (5.96),  the  nodule/nod uli  of  roots  grow/rise  with 
an  increase  in  the  index.  In  this  case  especially  intensely  grow/rise 
and  converge  between  themselves  chifx  and  shKX  (see  page  185)  . 
Therefore,  by  increasing  n,  it  is  necessary  to  simultaneously 
increase  a quantity  of  signs  in  numbers.  For  an  example  we  can 
indicate  that  was  carried  out  the  arithmetic  count  with  an  accuracy 
to  5-6  signs.  For  five  unknowns  was  obtained  the  system 
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— 3^91i4,  -h  2.92618a,  -f  2.488706,  — 

- 50l.200fl,  — 651.4886,  - - 0.6. 

— 3.90666/1,  — 4.06398a,  1,726886,  — 

- 162.973a,  -i-  268.0706,  - 0 , 

— 8.73235>1,  + 6.72762a,  + 3.747166,  — 

- 4079,80a,  — 3046,306,  - 0 . 

— 5.64360/1,  — 3.93864a,  + 2.686266,  — 

-281.7120,+  1007.786,-0', 

— 3,69146.4,-3,412040,  + 1.238906,  + 

+ 88. 1 248a,  + 272,51 06,  - 0 . 


Xts  roots 

>1,-— a036341. 

— a037356  a,-  — 0.00031164, 

6,-  — 0.22474  6,- + 0.00016246. 

they  differ  significantly  fron  the  saae  of  systes  (5.106). 

Constructed  according  to  these  data  curve/graph  D/pa*  w (6 ,X)  (dotted 
line  on  Fig.  25)  shows  that  the  picture  of  sagging/deflections,  and 
■eans  and  effort/forces  and  torgue/noaents  were  not  iaprowed,  but  it 


(6.108) 
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deterior  at  €(1. 


§27.  Cantilever  bean. 


As  one  additional  illustration  let  us  consider  curvature  by 
force  P of  the  cantilever  bean  of  the  rectangular  cross  section  h x t 
(Pig.  26)  and  explain  the  distribution  of  nornal  stresses  over  the 
pinched  section. 

Page  187. 

Let  us  for  sinplicity  consider  that  as  usually  in  strength  of 
naterials,  the  load  is  distributed  on  end/face  according  to  parabolic 

lav.  For  distribution  o over  the  enbedded  section,  this  fact  does  not 
affect,  since  the  bean  is  chosen  by  sufficiently  long. 

Let  us  assune 


(5.1081 


and  write  the  boundary  conditions: 
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ii||^  » v||^  a 1 (5.1 10) 

•Im-0*  TTff“ 

(6.111) 


(5.112) 


The  initial  line  is  consistent  with  the  pinched  section.  Then, 
according  to  (5.110), 

(5.113) 

and,  on  (4.62), 


o,(6.n)-0(l,^a,  + £^T^ 

«,.(8.fl)-0(4.„o,>L^t^ 


(5.114) 
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Factors  I and  G are  introduced  in  order  that  the  brackets  would 


be  diiensionless.  We  satisf)  conditions  (5.111) 


mm  ft 
mrnfAH 


Key:  (1).  Dlagrae  of  deflections.  (2).  With  five  coefficients.  (3) 


DisgrsB  of  torgne/soeents.  («) . lengthwise 
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Fag«  188. 


Hence 


(MU 


or,  if  we  substitute  expressions  for  the  operators  froa  (*i 


«*(n> ^ Ain  P + P ooaP  j 9 (1#, 


, (5.117) 


and 


.83)  , 


DOC  * 77055311 


PAGE 


The  particular  solution  to  the  last/latter  equation 


a hoBogeneous  equation  (5.118)  reduces  to  characteristic  equation 
(5.54);  therefore  V(*|)equally 


• £wy  + ’I*  -<11 

* (i^m^ 

' ^ m>»  a'-':  ■ ■ •>«!  | 


where 


•*.-2,MM6+..35»0<. 


8.92800  + 2. 166901.  • ^ - ^ 


1 
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Page  189. 

Is  expressed  all  the  displaceBent/ao»e»ent£  and  stresses  through 
the  resolving  function-  For  this  let  us  introduce  (5.117)  in  (5.114). 
this  Hill  bring  to 


ft.  ’1)  “ ft.  P)  V (n). 

v^(|.iD--j.t,ft.P)9>(»d. 


(5.122) 


The  entering  here  operator-functions  with  p = 0.3  take  the  fora: 
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♦.  (t » - (138-  3.38  — |,8922i<i+iJ?  + 

P p 

+ (—  3.51  + 1.696)  sin  (1  — 6)  P + 3.51  (1  — 6)  sin  (1  + 6)  p. 
ft.  P)  - (3.5 1 + 1 .69  6)  tos  ( I — 6)  p — 3.5 1 ( 1 — 6)  cos(  I + 6)P  -f- 

+ (—  5,4  + 3.38P*6)  + 5,4  _8in(l  +6)P 

P P 

♦,  ft.  P)  - 1 .69  p ( 1 - 6)  cos  ( 1 — 6)  p + 3.6 1 p ( 1 — 6)  cos(l  + 
6)P  + (2.8  — 3.38  p«6)  sin  (1  — 6)  p. 

♦,ft.»»i38(3  + |)Peo»(l—yp—8,6l(l--6)Pc«(I  + 

4- 0 P 4- (-6. 18  + 3,38  p^)  sin  (I  - a p + 7.02  iln  (1  .f  t^p. 

. t,  ft.  P)  - (4.49  - 3.38  p»6)  cos  ( 1 - a P + 3.5 1 cos  ( 1 + a p + ■ 


4- 1.89P(I +aain(l— aP  + 3.51aiii(14-aP< 


(5. 1231 


Page  190. 

Realizing  these  operators  above  the  function  f(i))  (see  (5.122)) 
according  to  the  rules*  presented  in  chapter  1,  let  us  arrive  at  the 
following  expressions: 
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,'20  -M)6n-  [ 1 .+  »*;{*n +4^»*‘ V(V*^+ 

•f  Vh^Ti)  -I-  j-  y 11>>,  (6.  *„)  (^,sh*,ii  + C,ch*,n)  -f-  . 

n-l  I . t M . 

+ 1.  d.  *J  + Z).ch*,n))  J (6. 124) 


and  so  forth. 


Here  we  by  fornula  G = (1  ♦ p)]  pass  of  nodulus  of  shear  G 

the  modulus  of  elasticity  E. 


Substituting  these  expressions  under  boundary  conditions 
(5.112),  We  obtain  the  equations 

^ j 

- — 8(p-f  (2  + p)  EJ  X,  (5.125) 

0» 


V,  (E.*o)ch^>  Re 


- — 16  — 24|*+  i6^{  + 8(2  + ,t)E« 


(5.126) 


towa  rd 
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X 

n-Y 

Let  us  note  that  on  the  strength  of  the  syasetry  of  conditions  with, 

— ^ /I 

and  2 • the  coefficients  Bn  and  becones  zero.  Therefore 

will  be  simplified  expressions  (5.127)  for  displacement/mo veaents  and 
stresses.  For  example,  it  will  be 


j2(I ^ 

(t  AJshM  j |. 


(6.127) 


Page  191. 


DOC  » 77055311 


PAGE 


Her«  as  in  the  preceding/previous  equations,  it  is  narked 

Let  us  take  X = 1/4  and  write  out  the  auxiliary  values 


' f-  lit 

. - — 13.861  — 29.709  f. 

• + 73.771  + 62.202// 


(6.12^*’ 

r*  i.'t  I K ■ 

' -i  • - . -• 


Id 


T^b\e  m. 


I 
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Equations  (5.125)  and  (5.126)  do  not  sake  it  possible  to  find 
precise  the  value  of  coefficients.  Therefore  let  us  use  the  sane 
approxiaate  aethod,  as  in  previous  paragraphs:  is  decomposed  the 
entering  these  equations  functions  according  to  degrees  ? and  let  us 
equate  zero  absolute  terms  and  the  coefficients  with  C in  both 
equations,  and  also  the  coefficient  with  E*  in  equation  (5.126). 
Thus,  let  us  arrive  at  the  following  system: 


l,068a8>l,+  1.60973  a.  + 2,69568  6,-  9.04682a,-...^|j^;,> 

— 15.3422  6,-—  2.90. 

0.66461  >1,-1.11473  o,  + 0.88025 ft,  + 2.78427a,— 

— 1.49528  ft,-—  1.83333. 

5.34312/1,  — 8.88934  o,  + 7.54332  ft,  + 24.27197a,—  ‘ 

— 16.6220  ft,'- — 14.6667. 

1.91610/4,-6.93998  a,  + I.71209ft,—  8,15918a,+ 

. + 0.29678ft,-—  5.4. 

0.99300/4,- 4.880820a, + 0.50744 ft,— 19.0769  a,+  - 

+ 0.37549  ft,-—  2.85335. 


Solving  it,  we  find: 

) (6.131) 


- — 2.75817:  a,  - —0.00348:  ft,  - -0.05341; 
0,  - + 0.00618:  ft,  - - 0.01906. 
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How,  after  assuning  in  (5.127)  ? * 0,  outside  in  (5.127)  the 

obtained  values  of  coefficients  and  after  using  auxiliary  values 
(5.129)  and  data  by  Table  12-14,  we  can  conpute  a series  of  values 
in  the  pinched  section  (Table  15),  where,  as  usual,  it  is  narked 

-Jr*  (5.132) 

According  to  these  data  on  Fig.  26  is  constructed  dia qran/curve 

• in  stopping  up.  This  diagran/curve  and  Table  15,  shows  that  i 
during  precise  satisfaction  of  the  conditions  of  janning  the 
distribution  of  nornal  stresses  according  to  the  pinched  section 
renains  virtually  such,  which  is  accepted  in  strength  of  naterials. 

I I A b te  15 


Fag*  193. 

COICLOSIOM. 

mtmc  fMding  result  to  oBtirs  prussntsd  ubows.  It  Is  possible 
tc  note  the  following  basic  results,  obtalsud  la  work. 

1.  Is  carried  out  the  detailed  analysis  of  the  basic  works  of  A 

X.  lur'yes  and  T.  Z.  Tlasov,  whoa  they  eapressed  aad  developed  the 


DOC  * 77055311 


PAGE 


3^7 


ideas  of  the  aethod  of  the  initial  functions. 

2.  Are  developed  the  bases  of  the  theory  of  the  operators  in 
connection  with  the  method  of  the  initial  functions: 

a)  is  shown  the  possibility  of  double  approach  to  the 
introduction  of  the  concept  of  the  operators; 

b)  are  based  the  algebraic,  differential  and  integral  actions 
above  the  regular,  singular  and  mixed  operators;  c)  is  denonst rated 
the  equivalency  of  the  representation  cf  the  operators  in  the  closed 
forn  and  in  the  form  of  series,  and  also  the  legitinacy  of  the  action 
abeve  operational  series; 


d)  is  obtained  a series  of  the  fornulas,  which  express  the 
properties  of  the  operators; 

e)  are  establish/installed  specific  rules  for  the  actions  with 
the  operators,  the  connected  with  noninterchangeability  aixed 
operators; 

f)  are  developed  the  methods  of  the  realization  of  the 
operators; 
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I 

I g)  is  » tablish/installed  that  values  of  the  funct ion -operators 

coapulsorily  satisfy  sone  partial  differential  equations. 

3.  Obtained  considerable  quantity  of  foraulas,  which  facilitate 
the  practical  application/use  of  the  operators. 

4.  Is  shown  the  possibility  of  obtaining  soae  new  identities  for 
Eessel  functions. 

5.  Is  systenatized  the  overall  diagram  of  the  applica tion/use  of 
a wethod  of  the  initial  functions  to  the  solution  to  two-d inensional 

I 

^ boundary-value  problens;  in  this  case  is  assuaed  the  wide  use  of  the 

operators. 

Is  discovered  the  equivalency  of  operational  equations  and 
functional  equations  of  the  type  integrod if ferential* 
differential-difference  and  so  forth. 

7.  Is  obtained  the  new  aethod  of  the  deteraination  of  the 

I particular  solutions  to  nonhoaogeneous  differential  equations  in 

partial  derivatives. 


DOC  » 77055311 


PAGE 


3ir^ 


8.  Are  constructed  general  solutions  for  the  series  of  problens 
cf  the  applied  theory  of  elasticity  and  strength  of  Materials 
(tHO-diaensional  problea,  the  bending  cf  plates,  etc.)  . 

9.  For  facilitating  the  solution  to  the  specific  probleas 

a)  are  obtained  the  resolving  equations  for  the  basic  cases  of 
support  in  tuo-diaensional  problen  of  elasticity  theory  and  with  the 
curvature  of  rectangular  plate; 

b)  calculated  considerable  quantity  of  roots  of  sone  frequently 
being  encountered  transcendental  characteristic  equations. 

10.  For  the  purpose  of  the  explanation  o..  the  application/use  of 
a Method  of  the  initial  functions  sone  problens  (free  twisting  the 
cod  of  senicircular  section,  the  curvature  of  the  pinched  on 
outline/contour  plate,  the  curvature  of  short  cantilever  plate,  the 
curvature  cf  long  cantilever  bean)  carried  to  nunerical  result. 

The  Method  of  the  initial  functions  can  receive  very  widespread 
propagation  in  theory  of  elasticity,  theoretical  aerodynanics  and 
ether  sciences  under  the  condition  of  the  further  developnent  of 
several  the  basic  for  this  Method  questions.  The  principal  directions 
cf  this  developnent,  apparently,  nust  be  the  following: 
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1)  obtaining  nunerical  results  directly  frc»  the  operational 
tern  cf  solution,  passing  transition  to  usual  functional  fora; 

2)  the  development  of  the  methods  cf  the  direct/straight 
(regraaning  of  the  actions  above  operational  expressions  in  the 
high-speed  digital  computers; 

3)  obtaining  the  so-called  exact  solutions  for  complex  boundary 
conditions;  in  this  case,  apparently,  necessary  to  adhere  to  the 
first  and  third  treatments  of  the  resolving  equations  (page  131). 

Author  made  work  in  the  last/latter  direction.  The  obtained 
results  make  it  possible  to  hope  that  in  this  direction  it  is 
possible  to  achieve  the  determined  successes. 


i 

1 

i 
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Page  195. 


application/appendix. 


Base  properties  and  fornulas  for  the  operators. 


1.  L (fi)  • 9) ...  - regular  operator. 


2.  L 1^)  (P)“— + — ^ + -^  + ,..  - singular  operator. 


3.  L 4«  - 


/ 


- the  aixed  operator. 


4.  9)^(9  • «i(f  + •tV' + %<+••  • 

5.  L-9)f  (n)  - J »«)  y — ITiy--  ^ 

• tSt 


4t(DP*V(«|)*  operator- function. 


7.  L (t,  fi)  |f(t|))-Oa.fD 
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for  all  those  for  which  aakes  sense  the  concrete/specific/actual 

foraula  of  realization. 


8. 


where  k is  randoa. 


9. 


Here  n is  whole. 


Page  196. 

10.  If  is  satisfied  condition  ••  i|^  then 

■ 0 - any  (conplex)  nnnber. 

11.  Por 

Me  • 

it  is  necessary  and  sufficiently  in  order  that  would  be 

a)  both  operators  were  regular# 
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b)  both  operators  were  singular, 

d)  La  = XLj  ♦ C. 

12.  If  L|  (z)  La  (z)  = L,  (z)  , then  in  order  that  would  be  L,  (3)  La 
O)  = 1*3  ( P)  » it  is  necessary  and  sufficiert  in  order  to 

a) 


For  ezaaple, 


%■  M' 
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13«  If  in  the  inter?dl/gap  of  change  5 function  are  evenly 
continuous,  then 


CiV  <xr>if. 

Page  197. 
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n+ai)  ‘ “ 


16.  For  the  even  operators 


P)  pmri j - (5.  toi)  ^mr,.  ' 


rnip 


for  the  odd  operators 

4a.P)j®Jjmii)-I(4./n)‘Jj»,fV 
^«.p)  j^mn}  - ±/f.(E.iai)^^/nil. 
^(5. P) (»! ^«nj  •Ld «), 


for  exaaple. 


enP  (i|ChMf|}  — OQ>«i'i|chMn*->iinM'ih«n), 
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•in  W9  (n)  - im  {9  (*1  + <5)1. 

cos  yj<p  (Ti)  - Re  |<p  (TJ  + ll)), 
sin  tp  . I r 

-p— 9(n)-27  J 

n— <1 

tPchtf— Jhtf  1 ’*r^ 

— — yw*y  (t-n)9(0‘<C. 

iU 


vv 


1 


■'?5. 

A *'V  ' 


5f 


?r:rF 


9(’l) 


•ln*(t|— 0l9O<* 
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Pa^e  irS. 


1 r 


Vi**  + **f (n)  - f' (t^  + * J _^y . 
(Ti)  - 9 («) /•  (2V^  + ji, (2Vki7^) 9' (0 it 


.-ii'FFSr  r*^  2 ^ (’1  — 0* — 5^1 

n-t 

cos4KF+**9  - + <i>(n--a)  . 

2 ^ 

^ ' • 


9(0  it 


f •'f4v7»i-0*  + 6*] 

J ~(n~0*+i^  - 

%-A 


9(0  <(t 
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